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Abstract: We present a non-equilibrium analysis and control approach for the Active
Queue Management (AQM) problem in communication networks.Using simplified fluid
models we carry out a bifurcation study of the complex dynamic queue behavior to
show that non-equilibrium methods are essential for analysis and optimization in the
AQM problem. We investigate an ergodic theoretic frameworkfor stochastic modeling
of the non-equilibrium behavior in deterministic models and use it to identify parameters
of a fluid model from packet level simulations. For computational tractability, we
use set-oriented numerical methods to construct finite-dimensional Markov models.
Subsequently, we develop and analyze an example AQM algorithm using a Markov
Decision Process (MDP) based control framework. The control scheme developed is
optimal with respect to a reward function defined over the queue size and aggregate
flow rate. We implement and simulate our illustrative AQM algorithm in the ns-2
network simulator. The initial results obtained confirm thetheoretical analysis and exhibit
promising performance when compared with well-known alternative schemes under
persistent non-equilibrium queue behavior.

Keywords: Communication networks, active queue management, Markov models,
optimal control.

1. INTRODUCTION

Communication networks such as the Internet exhibit
a wide variety of complexnon-equilibriumdynamic
behavior. Examples of such behavior include self-
excited user flow rate oscillations in the presence of
delays, dynamic synchronization of the flows passing
through the same bottleneck link, and chaotic behavior
of user flows and queues at the routers. However, the
optimization and control methods for such networks
are primarily based upon an equilibrium framework.

We note the Kelly’s framework (Kelly et al., 1998) or
game theoretic framework (Alpcan and Başar, 2005)
and refer to (Srikant, 2004) for an overview of the
literature on the subject.

This paper is concerned with methods for analysis
and control of non-equilibrium behavior in communi-
cation networks. Specifically, we consider the Active
Queue Management (AQM) problem. AQM provides
a mechanism by which a router sends advanced con-
gestion notification to the users in order to regulate



the flow rates. This can be accomplished either by
dropping packets or marking them. Since the earliest
Droptail scheme, several AQM schemes have been
proposed and studied in literature including RED, E-
RED, REM, AVQ, and BLUE (Srikant, 2004).

We are primarily motivated by the analysis and con-
trol of non-equilibrium queue behavior which arises
primarily as a result of nonlinear dynamics. There is a
gap between available methods that focus on static op-
timization, and simulations that show persistent non-
equilibrium behavior that does not need any noise.
From a practical viewpoint, explicit analysis and con-
trol of non-equilibrium behavior could play an impor-
tant role in the performance of the overall congestion
control scheme.

In this paper, we represent for modeling as well as
control the dynamic variables by their stochastic coun-
terparts. Even though the models are deterministic the
analysis and control approach is stochastic. The mod-
eling approach is based upon the methods of Ergodic
theory for representing complex behavior in nonlin-
ear dynamical systems. In particular, we replace the
dynamical models by their stochastic counterparts -
the so-called Perron-Frobenius operator (Lasota and
Mackey, 1994) While, the dynamical model propa-
gates the initial condition, the Perron-Frobenius (P-
F) operator propagates uncertainty in initial condition.
The main advantage of this approach is the often easier
represention of complex asymptotic dynamic behavior
as invariant probability measures of the P-F operator.

We use the recent set-oriented numerical methods
for discretization of the dynamical systems (Dellnitz
and Junge, 2002; Froyland, 2001). Our goal is to use
these simulation based methods to construct finite-
dimensional Markov chains from the dynamic model.
These Markov chains are then used for both the com-
putational bifurcation analysis as well as for control
design. The stochastic modeling approach we take
enables us to carry out abifurcation analysisto under-
stand qualitative changes in queue behavior,identifi-
cationof the fluid model parameters from packet level
ns-2 simulations, andcontrol synthesisfor shaping
non-equilibrium behavior.

The outline for the rest of the paper is as follows: In
Section 2, a well-known network model of user and
queue behavior is presented. Next, a stochastic model-
ing of the network model together with its discrete ap-
proximation as finite-dimensional Markov models is
described and used to carry out bifurcation analysis as
well as identification of network model parameters us-
ing the ns-2 simulations. In Section 4, an MDP-based
framework for optimization and control of these mod-
els is summarized. The ns-2 simulation results demon-
strating control of non-equilibrium behavior under the
AQM algorithm developed are described in Section 5.
The paper ends with the concluding remarks of Sec-
tion 6.

2. DETERMINISTIC FLUID MODEL

2.1 Single Bottleneck Link with Symmetric Users

We consider a single bottleneck link of a network
with fixed capacityC shared byM users. Instead
of conducting a packet level analysis of the network
we adopt a network model based on fluid approx-
imations (Srikant, 2004; Alpcan and Başar, 2005).
Each user is associated with an unique connection for
simplicity and transmits data with a nonnegative flow
rate xi ∈ R

+ .
= [0,∞) over this bottleneck link.

The ith user is assumed to follow a transfer control
protocol (TCP)-like additive-increase multiplicative-
decrease flow control scheme,

ẋi(t) = κ

(

1

d
− βxi(t)

2p(t)

)

, (1)

where0 ≤ p ≤ 1 is the observed rate of marking
(or depending on the implementation, dropping) of its
packets,κ denotes the step-size, andd andβ denote
the (symmetric) rate-increase and decrease parame-
ters, respectively. For a prescribedp(t), the ODE (1)
has a well-defined solution inR+ for all time because
the right hand side is Lipschitz inxi and R

+ is a
positively invariant set with respect to (1).

The packet marking occurs at the link whose dynamics
are next described. If the aggregate sending rate of
users exceeds the capacityC of the link, then the
arriving packets are queued in the bufferq of the link.
The non-negative queue size evolves according to the
ODE

q̇(t) =











∑M

i=1 xi(t) − C q ∈ (0, B),

min(0,
∑M

i=1 xi(t) − C) q = B,

max(0,
∑M

i=1 xi(t) − C) q = 0.

(2)

where we assume a maximum buffer size ofB at
which the queue saturates and any incoming packet
after this point is dropped; cf. (Hollot et al., 2002). The
functionp(·) in (1) is set by the AQM control and takes
the general formp = F (q). As an example, packet
marking for the widely used droptail AQM scheme is
described by

p =

{

0 , if q < B

1 , otherwise.
(3)

With a large number of usersM , a detailed non-
equilibrium analysis of the multi-user model (1) is
infeasible. In order to simplify the analysis, we note
that the equations are equivariant with respect to the
permutation group with the group actionxi → xj for
all i, j ∈ {1, . . . , M}. As a result of this symmetry,
the linear subspaceS = {x ∈ R

+M : xi = x1} is
a fixed-point space, which we will also refer to as the
synchrony subspace. In particular, the subspaceS is
positively invariant with respect to dynamics of (1).



2.2 Synchronization to symmetric fixed-point space

Theorem 1.Consider the multi-user setup of (1)-(2),
wherep = F (q) and F satisfies the condition that
F (B) > 0 then the synchrony subspaceS is asymp-
totically stable, i.e., ast → ∞, xi(t) = x1(t) for all
i = 1, . . . , M .

Proof: To show asymptotic stability, we use the
Lasalle’s invariance theorem (Khalil, 1996). The steps
in the proof are 1) we propose a Lyapunov function
V (x), 2) setE

.
= {x ∈ Ω ⊂ R

+M |V̇ (t) = 0}, where
Ω is a compact positively invariant with respect to (1),
and 3) show that the largest invariant set inE, denoted
by M , lies inS ∩ Ω.

The Lyapunov function is taken to be

V (x) =
1

2

M
∑

i=2

(xi − x1)
2. (4)

Using (1), the time derivative of (4) is

V̇ (x) = −κβ

M
∑

i=2

(xi − x1)
2 · (xi + x1) · p. (5)

Sincep ∈ [0, 1], V̇ (t) ≤ 0. Set

Ω =

{

x ∈ R
+M : xi ≤ max

(

C + B,
1√
βd

)}

.

(6)
To see thatΩ is positively invariant, note thaṫxi ≤ 0

wheneverxi > max

(

C + B, 1√
βd

)

. This shows that

the trajectories are bounded within setΩ, and thus
there exists a (largest such) compact invariant setM

that contains all the limit points.

Finally, we show thatM ⊂ S ∩ Ω. Using (5), first
note that ifx ∈ E then either (a)xi = x1, or (b)
x1 = xi = 0 for all i = 2, M , or (c) p = 0. We
consider case (c) first. Supposep ≡ 0 over a trajectory
then using (1),

xi(t) = xi(0) +
κ

d
t, (7)

and there exists a finite timeT <
d(C+1)

κM
+ B such

thatq(T ) = B andp = F (B) > 0. As a result, any
set of points withp ≡ 0 is not an invariant set and
the case (a) or (b) applies. In both these cases,x ∈ S.
SinceS is a fixed-point space, it contains its invariant
set andM ⊂ S ∩ Ω as desired.�

Let us denote the symmetric user flow rate asx. Then,
in the fixed-point space the system dynamics are

ẋ(t) = κ

(

1

d
− βx(t)2p(t)

)

,

q̇(t) =







Mx(t) − C q ∈ (0, B),
min(0, Mx(t) − C) q = B,

max(0, Mx(t) − C) q = 0.

(8)

The number of the usersM is now a system param-
eter and we will investigate bifurcations in dynamic
behavior with respect to this and other parameters.

2.3 Equilibrium and Stability Analysis of Droptail

In this section, we carry out a preliminary stability and
bifurcation analysis of the multi user fluid model (1)-
(2) with a droptail AQM (3). The analysis is ana-
lytically tractable because the equilibrium dynamics
arise entirely in the fixed-point space. The result is
summarized with the aid of the following Theorem:

Theorem 2.Consider the model (1)-(2) with a droptail
AQM (3). Using β∗

.
= 1

d

(

C
M

)

−2
to represent the

critical value ofβ, we have the following conclusions
regarding the equilibrium solution:
(a) For values ofβ < β∗, there exists a unique
equilibrium solution with user flow ratesxi = x̄

.
=

1√
dβ

and saturated value of queueq = q̄
.
= B. This

equilibrium solution, denoted as̄x, lies in the subspace
S and is stable.
(b) For values ofβ > β∗, no equilibrium solution can
exist. The asymptotic dynamics are non-equilibrium
but lie in the fixed-point spaceS.

We omit the proof of the theorem due to space limita-
tions.

This theorem shows that for sufficiently small feed-
back gainβ, the queue is full (regardless ofB) and
the packets are always being dropped. Such an equi-
librium, even though stable, is clearly not desirable.
As the feedback gainβ is increased, one reaches the
critical value

β∗ =
1

d

(

C

M

)

−2

(9)

beyond which the assumptionp ≡ 1 is violated.
An equilibrium solution cannot exist for the range
of valuesβ > β∗. These results are visualized in
Figure 1: either an equilibrium solution does not exist
or when it exists, the user flow rate is greater than
capacity and the queue is always full.
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Fig. 1. Bifurcation diagram for the droptail AQM.

For the system (8) under the droptail AQM scheme
the queue begins “oscillating” about its upper-limit



B for values of β greater than the critical value.
Furthermore, even the small oscillations at the onset
are not periodic. Figure 2(a) depicts an typical time-
series of this system and the Figure 2(b) shows the
largest incursion of these oscillations as a function
of the parameterβ. As observed in Figure 2(a), the
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Fig. 2. (a) Time-series of incipient oscillations for
β = β∗+ and (b) a numerically determined bi-
furcation diagram of the non-equilibrium queue
behavior.

queue behavior is both complex (non-periodic) and
global in the phase space. The non-periodic nature
of oscillations arise because of the discontinuity in
p. However, even with a somewhat smoother version
of the functionp(·), the local methods of bifurcation
theory are perhaps not best-suited for global analysis
with large queue oscillations.

The results obtained from the fluid model also shed
light to more realistic simulations such as the ones
in ns-2. In the TCP, the “parameterβ” is implicit
and fixed. Using (9), the critical behavior in ns-2
simulations arises as a function of eitherC or M . In
particular, with a fixedC there exists a critical value
of M , denoted byM∗, such that the queue saturates
for M > M∗ and oscillates forM < M∗.

For the fluid-approximation (8), the increase-rate pa-
rameterκ

d
and the decrease-rate parameterκ · β are

identified to match the ns-2 simulations. Specifically,
κ
d

is identified from the average slope of the TCP addi-
tive increase phase. In order to identify the parameter
κβ, multiple ns-2 simulations for different number of
usersM were carried out. From these simulations,
M∗ was determined as the critical number of users
for which the queue starts to oscillate. The queue is
saturated forM > M∗ and oscillates forM < M∗.
Using (9) the parameter

κβ =
κ

d

(

C

M∗

)

−2

. (10)

Table 1 depicts the identified nominal model parame-
ters for the fluid approximation (8). For analysis and
control synthesis, we will useM = 10 number of

users. Note that this corresponds to a non-equilibrium
queue behavior with droptail AQM.

Table 1. Model parameters

Link capacity C = 1000

# of users M = 10, M∗ = 210

Queue bounds Qmin = 0, Qmax = 100

User parameters κ = 0.05, d = 0.01, β = 4.4

3. STOCHASTIC MODEL AND BIFURCATION
ANALYSIS

We characterize stochastic descriptions such as invari-
ant measures (and their numerical approximations) for
the dynamics of the deterministic model in Section 2.
The stochastic model presented here is included for
completeness and for a detailed description we refer
to (Alpcan et al., 2006).

Let us consider a dynamical systemT : X×Q → R
+2

obtained by sampling the solutions of the ODE (8). In
particular, letφ(t; x0, q0) be the solution operator for
the fluid approximation ODE (8) and setT (x0, q0) =
φ(∆t; x0, q0). The sampling time∆t is taken to be
sufficiently small and(x0, q0) ∈ X × Q denote the
initial condition.X ⊂ R

+ denotes the compact state-
space forx(·), Q = [0, B] ⊂ R

+ denotes the compact
state-space forq(·) andS

.
= X × Q.

In stochastic settings, the basic object of interest is
the Perron-Frobenius (P-F) operatorP corresponding
to the dynamical systemT . It is given byP[µ](A) =
µ(T−1(A)), whereA ⊂ B(S), the Borelσ-algebra of
S andµ ∈ M(S), the measure space onS. While the
dynamical systemT describes the nonlinear evolution
of an initial condition, the P-F operatorP describes the
linear evolution of the uncertainty (probability density
function) in initial conditions. The advantage of using
a stochastic framework is that asymptotic dynamics
of T can be interpreted as invariant measures of the
stochastic operatorP. The invariant measure is a prob-
ability measure that is also a fixed-point of the P-F
operatorP, i.e.,Pµ1 = 1 · µ1.

We utilize set-oriented numerical methods for con-
structing efficient finite-dimensional approximations
of the P-F operator (Dellnitz and Junge, 2002; Froy-
land, 2001). The approximation arises as a Markov
(transition probability) matrix defined with respect to
a finite (L) partitionS of the phase spaceS. The re-
sulting matrix is non-negative and ifT : Di → S, then
∑L

j=1 Pij = 1, i.e.P is a Markov or a row-stochastic
matrix. Notice that,P is interpreted as a randomly
perturbed approximation ofP andP converges toP
in the L2 norm sense as the partition gets finer and
finer.

We construct here the partitionS for the stochastic ap-
proximation of the network model by uniformly quan-
tizing the user flow-rates (inX) and queue size (inQ)



between a lower and upper bound in way similar to
the one in (Alpcan et al., 2006). The two quantized
partitions are denoted asX = [X1, . . . , X12] and
Q = [Q1, . . . , Q11] and the partition sizeL = 132.
We defineS .

= X ×Q. X andQ.

One approach for numerically approximating the
Markov matrixP is to use a Monte Carlo algorithm
with several short term simulations using the dynami-
cal systemT . As one takes finer partitions, the invari-
ant measure ofP converges to a weak limit that ap-
proximates the invariant measure of the P-F operator
P.

We next carry out a bifurcation analysis with the num-
ber of usersM serving as a parameter. At the criti-
cal valueM∗, the support of the invariant measureµ̄

changes in a qualitative sense. Figure 3 compares the
invariant measurēµ for the parameterized MM with
the ergodic averages computed using time-domain
simulations. The time-domain results with both the ns-
2 simulator and the fluid approximation are given. The
L1-error between the invariant measure computed us-
ing the MM and the ergodic average of the time-series
data is at most5% indicating that the MM is fairly
accurate in capturing the asymptotic behavior with the
time-domain simulation over a range of values ofM .

4. CONTROL MARKOV CHAIN AND
OPTIMIZATION

There are infinitely many possibilities for probabilistic
AQM control schemes (such as RED) where packet
drop probability is defined as a function of the queue
size, which in turn corresponds to selecting a specific
p(·) function in the deterministic fluid model (8). Each
such marking (or dropping) schemep can be analyzed
using the stochastic models of the previous section. In
this paper, we define a non-equilibrium queue man-
agement (NEQM) algorithm as an illustrative exam-
ple using four separate packet marking (or dropping)
schemespu whereu ∈ U andU := 0, . . . , 3. The
schemep0 corresponds to the droptail whereas the
schemesp1 throughp3 can be interpreted as progres-
sively aggressive variants of RED. Table 2 summa-
rizes the packet marking for the intermediate queue-
size, whereqmin = 10 andqmax = 100.

Table 2. Control Policies

Policy q ≤ qmin qmin < q < qmax q ≥ qmax

p0 0 0 1

p1 0 0.3 1

p2 0 0.6 1

p3 0 1 1

Each AQM scheme,pu, modifies the dynamical sys-
tem (8) and leads to a differentcontrol Markov chain
Pu, whereu ∈ U corresponds to the one inpu. The
Pu

ij denotes the probability of the next state being in
Dj conditioned on the current state being inDi and
control beingu. We next pose the control problem

as a Markov Decision Process (MDP) by defining a
specific real-valued reward functionR(s) (shown in
Figure 4) over the set of statesS and set of the control
actionU . The reward function reflects the expectation
that a positive but moderate queue size will ensure
maximum capacity utilization while preventing large
queue fluctuations and resultant buffer overflows. We
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Fig. 4. The reward function onX ×Q.

solve the MDP obtained using standard methods in
a way similar to the one in (Alpcan et al., 2006).
Figure 5 depicts the resulting stationary optimal policy
solutionµ∗ onX ×Q.
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Fig. 5. The optimal policyµ∗ onX × Q obtained by
solving the MDP.

Using the optimal policyµ∗, we also compute the in-
variant probability measures of the controlled Markov
matrix Pµ∗

for user flow rates (inX ) and queue size
(in Q). The invariant measures exhibit low queue sizes
along with full link capacity usage. In addition, they
compare favorably with the asymptotic distributions
obtained from the time-domain simulations of the dy-
namical system (8) under the optimal policy.

5. SIMULATIONS

We simulate a multi-user, single bottleneck link sce-
nario implemented in the network simulator ns-2. We
send25 TCP flows over this duplex link of capacity8
Mbps corresponding to100 packets/second for an av-
erage packet size of1000 bytes. The maximum queue
size is chosen to beQmax = 100 packets and the
propagation delay to be10 ms in the forward direction.

Figure 6(a) and (b) compares the queue and the user
behavior obtained with RED, and the NEQM. We
observe more efficient queue utilization under the
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Fig. 3. Bifurcation diagram in terms of the invariant measure: (left) ns-2 dynamics, (middle) the time-averaged
dynamics, and (right) the invariant measure of the Markov model as the parameterM increases.

NEQM policy in terms of size and variation as com-
pared to the droptail as well as RED. We note that,
similar to RED, the mean flow rate shows consistent
capacity utilization for NEQM flows. On the other
hand, we have observed in other simulations that there
is a strong contrast in the mean user flow rate between
NEQM and the droptail scheme, which exhibits heavy
oscillations.
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Fig. 6. Results of the ns-2 simulations with (a) RED
and (b) the NEQM schemes.

6. CONCLUSION

In this paper, we have outlined an ergodic theoretic
framework for stochastic modeling, model computa-
tions, analysis, identification, and MDP based optimal
control of nonlinear dynamics in communication net-
works, specifically the AQM problem. Through equi-
librium and local bifurcation analysis as well as ns-
2 simulations, we have illustrated the fact that meth-
ods for analysis and optimization of non-equilibrium

queue behavior areessentialfor a better understanding
of the problem. In addition, based on the stochastic
approximations of a simplified fluid model, an op-
timization problem has been defined and solved via
standart MDP methods to obtain a specific optimal
stationary AQM policy, called NEQM, as an example.
The NEQM scheme developed has been observed to
perform better than the droptail and RED schemes in
packet-level ns-2 simulations.
Acknowledgment:The authors thank Uday Shanbhag
and Umesh Vaidya for helpful discussions.
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