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Game theory provides a natural framework for developing pri
ing me
hanisms to solve rate 
on-trol, fairness and even routing problems. Users on the Internet are of 
ompletely non
ooperativenature in terms of their demands for bandwidth, and this leads spe
i�
ally to the use of non
oop-erative game theory for 
ow and 
ongestion 
ontrol. An appropriate solution 
on
ept here is thenon
ooperative Nash equilibrium [5℄. In this approa
h, a distributed, non
ooperative network gameis de�ned, where ea
h user tries to minimize a spe
i�
 
ost fun
tion by adjusting his 
ow rate, withthe remaining users' 
ows �xed. An advantage of this approa
h 
omes from the fa
t that it leads todistributed s
hemes, and not a 
entralized 
ontrol for the network, whi
h �ts well with today's aswell as tomorrow's expe
ted trends of de
entralized 
omputing.Most network games in the literature are fo
used on elasti
, best-e�ort type traÆ
 [2℄. As anexample of a study that addresses the 
ow 
ontrol problem in a game theoreti
 framework, we 
an
ite Altman and Ba�sar [1℄, who show that if an appropriate 
ost fun
tion and pri
ing me
hanismare used, one 
an �nd an eÆ
ient Nash equilibrium for a multiuser network, whi
h is further stableunder di�erent update algorithms. Another game-theoreti
 study is the one by Korilis and Lazar [6℄,who investigate the existen
e of Nash equilibria of the 
ow 
ontrol model introdu
ed earlier in [7℄.They develop a general approa
h to study the existen
e of Nash equilibria by using the 
on
ept ofbest reply 
orresponden
e.We 
onsider in this paper a more general model, with two 
omponents. The �rst pertains toa 
lassi
al admission 
ontrol me
hanism [8, p.494℄, where the users are admitted to the networkafter given a 
ertain QoS (Quality of Servi
e) guarantee in a

ordan
e with the available resour
esof the network. The guaranteed minimum 
ow rate meets the requirements of the intended RTTappli
ation. The se
ond 
omponent of the model 
on
erns elasti
 
ow, and it a

ommodates a widerange of traÆ
 types, from medium to high elasti
ity. The distributed end-to-end 
ontrol systemis modeled as a network game where users, or players, adjust their ex
ess 
ows rates, or strategies,a

ording to their individual needs but also by taking into a

ount the state of the network. The 
ostfun
tion we adopt for this purpose features, in addition to a relevant pri
ing fun
tion, an inherentfeedba
k me
hanism, enabling the users to a
quire the basi
 (essential) information about the stateof the network. The non
ooperative game framework provides equilibrium 
onditions for the systemand most importantly, the market stru
ture, where supply and demand for bandwidth determinethe allo
ation of network resour
es and pri
es. Fairness is also an important issue, and this isbuilt into the network so that those users who are willing to pay for resour
es more than othersre
eive a proportionately larger portion of the resour
es. We model the individual user's demandfor bandwidth in terms of two di�erent utility fun
tions: an aÆne and a logarithmi
 fun
tion.In the next se
tion, we provide a des
ription of the proposed model, and in se
tion 3 we derive aunique Nash equilibrium. In se
tion 4, we investigate various update algorithms and establish sta-bility 
onditions. Simulation results are presented in se
tion 5, whi
h are followed by the 
on
ludingremarks of se
tion 6.2 The Model and The Cost Fun
tionWe 
onsider a bottlene
k node in a general network topology, with a 
ertain level, C, of availablebandwidth, whi
h is shared by N users or 
onne
tions. The ith user's 
ow rate, �i, 
onsists of twoparts: The guaranteed minimum 
ow rate, �i;min, and the variable ex
ess 
ow rate, xi, de�ned asthe di�eren
e between the total 
ow and the minimum 
ow: xi = �i � �i;min. The guaranteed 
ow2



rate is negotiated between the user and the network at the time of the 
onne
tion setup and remains
onstant thereafter. It plays a 
ru
ial role in meeting the QoS requirements ne
essary for real timetraÆ
 types. The problem of giving users guarantees for their requested minimum 
ows while at thesame time preserving the network resour
es by respe
ting the bound C on the maximum availablebandwidth at the bottlene
k node, 
an be solved through an admission 
ontrol me
hanism.We assume that during the 
onne
tion M out of N users request an ex
ess bandwidth on topof their prenegotiated guaranteed minimum 
ow rates. Hen
e, we 
an 
onsider a non
ooperativenetwork game whereM users 
ompete for the remaining available bandwidth, m, after all guaranteedminimum 
ows are subtra
ted from the total 
apa
ity: m = C �PNi=1 �i;min. We note that theex
ess 
ow rate of a user is elasti
 in nature, i.e. it has no QoS guarantees and is bounded above bythe total available ex
ess bandwidth, m.The 
ost fun
tion for ea
h user entering the game is de�ned as the di�eren
e between the pri
ingand the utility fun
tions. This 
ost fun
tion not only sets the dynami
 pri
es, but also 
aptures thedemand of a user for bandwidth. The �rst term of the 
ost fun
tion, the pri
ing fun
tion, is de�nedas: Pi(xi; x�i) = kim� (xi + x�i)+ (xi)2 ; (2.1)where xi is the ex
ess bandwidth taken by the ith user, x�i is de�ned as x�i :=Pj 6=i xj , and ki � 0is the pri
ing parameter determined by the network. The pri
ing term not only sets the a
tualpri
e, but also has the regulatory fun
tion of providing the user with feedba
k about the networkstatus via the denominator term, m �Pj xj . This term may also be seen as 
apturing the delayexperien
ed by the ith user. As the sum of 
ows of users approa
h the available 
apa
ity, m, thedenominator of (2.1) approa
hes zero, and hen
e the pri
e in
reases without bound. This preservesthe network resour
es by for
ing the users to de
rease their elasti
 
ows. At the same time, aproportional relationship between demand and pri
e is obtained, whi
h ensures that the pri
es areset a

ording to market for
es. The pri
e per unit 
ow is 
hosen to be proportional to the 
owrate itself, resulting in the quadrati
 term, x2i . This pri
ing stru
ture dis
ourages a user to pi
k anarbitrary value for the minimum 
ow rate, �i;min, with the intention of minimizing the �xed 
osts.In addition, it eliminates wide 
u
tuations in the ex
ess rate, xi.The se
ond part of the 
ost fun
tion, the utility fun
tion Ui, quanti�es the user's utility forhaving ex
ess bandwidth and 
aptures to some extent the `human fa
tor'. Although it 
annot beexa
tly known to the network, some statisti
al estimates 
an be 
olle
ted, taking into a

ount habitsof spe
i�
 type of a user over a 
ertain period of time. A reasonable assumption is to take it to bestri
tly 
on
ave for elasti
 
ows. Spe
i�
ally, a logarithmi
 fun
tion 
an best represent the utilityfun
tion of the user in this 
ase [9℄. Hen
e, a possible realisti
 utility fun
tion for a user demandingex
ess 
ow 
an be de�ned in terms of xi as:Ui(xi) = ln(1 + xi) + di ; xi � 0 8i; (2.2)where di is a positive 
onstant and will have no e�e
t in the optimization pro
ess. Based on thegiven pri
ing and utility fun
tions, the 
ost fun
tion for user i is simply, Ji = Pi � Ui. In otherwords, the 
ow rate of the ith user results from the intera
tion between pri
e and demand:Ji(xi; x�i) = kix2im� (xi + x�i) � ln(1 + xi)� di; xi � 0 (2.3)3



Noti
e that the ex
ess utility fun
tion, and hen
e the 
ost fun
tion, are de�ned only in the regionwhere xi � 0. In the next se
tion we will show that even if xi � 0 is allowed, the Nash equilibriumsolution will still be the nonnegative.A drawba
k of the realisti
 utility fun
tion above is that it leads to nonlinear rea
tion fun
tionsfor the users. Therefore an analyti
al analysis of the 
ost fun
tion with this utility is very diÆ
ultand limited, if not impossible, even though an existen
e and uniqueness result (on Nash equilibria)
ould be obtained, as we will do in the next se
tion. In order to make the analysis tra
table, andto obtain expli
it results, we will use linear utility fun
tions for the users, whi
h lead to a set oflinear equations as rea
tion fun
tions. A

ordingly, for tra
tability we will also adopt as the utilityfun
tion of user i: ~Ui(xi) = aixi + ~di ; xi � 0 8i; (2.4)where ai is a positive 
onstant not ex
eeding 1, and ~di > 0. One possible interpretation for thelinear utility ~Ui is that it 
onstitutes a linear approximation to the a
tual utility fun
tion at a givenpoint. In this 
ase, the system is analyzed lo
ally in the vi
inity of the 
hosen point. The parameterai is the slope of the utility fun
tion at that point, say x0i :ai := �Ui(x0i )�xi ) 0 < ai � 1 ;8i :The 
ounterpart of the 
ost fun
tion (2.3) with the linear utility fun
tion (2.4) is~Ji(xi; x�i) = kix2im� (xi + x�i) � aixi � ~di; xi � 0 : (2.5)Another interpretation for the linear utility would 
ome from a worst-
ase perspe
tive. The
onstant ai 
an be 
hosen so as to provide an upper bound for marginal utility, or the slope of thelogarithmi
 fun
tion at any given point xi. It will be shown later that given the total 
ow rates ofall other users, x�i, the optimal 
ow rate of the ith user under linear utility, with ai = 1, is alwayshigher than the one under logarithmi
 utility. Hen
e, linear utility (2.4) with ai = 1 leads to aworst-
ase 
ow for the ith user, namelyai = maxxi�0 �Ui(xi)�xi () ai = maxxi�0 11 + xi ) ai = 1; 8iThe parameter ~di in (2.4) is the same as in (2.2), and sin
e it is a 
onstant it 
an be ignored in thesubsequent analysis. Noti
e that the same 
ost fun
tion stru
ture (2.5) is arrived at in both lo
aland worst-
ase analyses, with ai 
hosen as des
ribed above. Combining the worst-
ase and lo
alanalyses in a single step simpli�es the problem at hand signi�
antly.3 Existen
e and Uniqueness of a Nash EquilibriumWe �rst prove the existen
e of a unique Nash equilibrium for the logarithmi
 utility model, des
ribedby the 
ost fun
tion (2.3). Next, we give a similar result under the linear-utility 
ost fun
tion (2.5).Additionally, we derive the rea
tion fun
tions in the linear-utility 
ase and 
ompute the equilibriumpoint expli
itly. We 
on
lude the se
tion with a result (a Proposition) justifying the worst-
aselinear-utility fun
tion analysis. 4



3.1 Existen
e and Uniqueness under Logarithmi
 Utility Fun
tionsThe underlying M-player non
ooperative game here is de�ned in terms of the 
ost fun
tions Ji(xi; x�i),i = 1; : : : ;M , where Ji is de�ned by (2.3), and the 
onstraintsxi � 0 (3.1)MXj=1 xj � m : (3.2)The �rst 
onstraint is di
tated by the fa
t that the ith user has requested a 
ow rate of at least�i;min. The se
ond 
onstraint is a physi
al 
apa
ity 
onstraint, whi
h says that the aggregate sumof all 
ows in a node 
annot ex
eed its total 
apa
ity.Theorem 3.1. There exists a unique Nash equilibrium in the network game de�ned by (2.3) and (3.1)-(3.2), whi
h is also an inner solution.Proof. Let x := (x1; : : : ; xM )0 be the ve
tor of 
ow rates of the M players, and X be the subset ofRM where x belongs in view of the 
onstraints (3.1)-(3.2). Then, X is 
losed and bounded (therefore
ompa
t), and is 
onvex, but is not re
tangular. On X , ea
h Ji(xi; x�i) is 
ontinuous and bounded,ex
ept on the hyperplane de�ned by (3.2) where it is in�nite, and is moreover analyti
 in that region.Its �rst derivative with respe
t to xi is�Ji(xi; x�i)�xi = kix2i + 2kixi[m� (xi + x�i)℄[m� (xi + x�i)℄2 � 11 + xi ; (3.3)and its se
ond derivative is�2J(xi; x�i)�x2i = 4kixi[m� (xi + x�i)℄2 + 2kix2i[m� (xi + x�i)℄3 + 2ki[m� (xi + x�i)℄ + 1(1 + xi)2 ; (3.4)whi
h is 
learly seen to be well-de�ned and positive on X , ex
ept on the hyperplane (3.2). Hen
e,for an arbitrarily small " > 0, if we repla
e (3.2) withMXj=1 xj � m� " ; (3.5)and denote the 
orresponding 
onstraint set de�ned by (3.1) and (3.5) by X", on X" we have a gamewith a 
onvex, 
ompa
t nonre
tangular a
tion set, and a 
onvex 
ost fun
tion for ea
h player. By astandard theorem of game theory (Theorem 4.4, p. 176 in [5℄), it admits a Nash equilibrium. Let usdenote this equilibrium solution by x�" , to depi
t its possible dependen
e on ". We now 
laim thatprovided that " > 0 is suÆ
iently small, x�" does not depend on ", and hen
e it provides also a Nashequilibrium solution to the original game on X .To prove this 
laim, let us study the optimization problem fa
ed by a generi
 player, i, in the
omputation of the Nash equilibrium. This optimization problem ismin0�xi�mi(") Ji(xi; x��i(")) ; (3.6)5



where mi(") := m � " � x��i("), and x��i(") is the total 
ow from x�" of all players, ex
ept the ith.We �rst note from (3.3) that �Ji�xi (0; x��i(")) < 0, and hen
e x�i (") 
annot be zero, and thereforex�i (") > 0. We next show that x�i (") 
annot equal mi(") either, and hen
e the solution to (3.6) hasto be an inner solution. To see this, let us evaluate (3.3) at xi = mi("):�Ji(mi; x��i("))�xi = kimi(mi + 2")"2 � 11 +mi (3.7)Now, unless mi(") = O("), the �rst term above be
omes unbounded as " ! 0, dominating these
ond term and therefore making (3.7) positive, whi
h implies that xi = mi(") 
annot be thesolution to (3.6). Hen
e, the only way (3.6) 
an have a boundary solution is if mi(") = O("), butsin
e there is only a single 
onstraint, namely (3.5), we would havemj(") = O(") for all j = 1; : : : ;M .Hen
e the total 
ow would be O("), whi
h 
ontradi
ts the initial hypothesis thatPMj=1 x�j (") = m�".Therefore, for " suÆ
iently small, the solution to (3.6) has to be inner, and sin
e this applies to allplayers, the Nash equilibrium has to be independent of " for " > 0 suÆ
iently small. As a byprodu
t,we have also proven the other 
laim of the theorem, whi
h is that the Nash equilibrium is inner.We next show the uniqueness of the Nash equilibrium. To preserve notation, let �2J(xi;x�i)�x2i givenby (3.4) be denoted by Bi. Further introdu
e, for i; j = 1; : : : ;M; j 6= i,�2Ji(xi; x�i)�xi�xj = 2kixi[m� (xi + x�i)℄2 + 2kix2i[m� (xi + x�i)℄3 := Ai;j ;with both Bi and Ai;j de�ned on X", to avoid singularity on the hyperplane (3.2). Suppose thatthere are two Nash equilibria, represented by two 
ow ve
tors x1 and x0, with elements x0i and x1i ,respe
tively. De�ne the pseudo-gradient ve
tor:g(x) = 0B� rx1J1(x1; x�1)...rxMJM (xM ; x�M )1CAAs the Nash equilibrium is ne
essarily an inner solution, it follows from �rst order optimality
ondition that g(x0) = 0 and g(x1) = 0. De�ne the 
ow ve
tor x(�) as a 
onvex 
ombination of thetwo equilibrium points x0 ; x1 : x(�) = �x0 + (1� �)x1where 0 < � < 1. By di�erentiating x(�) with respe
t to �, we obtaindg(x(�))d� = G(x(�))dx(�)d� = G(x(�))(x1 � x0) ; (3.8)where G(x) is de�ned as the Ja
obian of g(x) with respe
t to x :G(x) := 0BBB�B1 A1 � � � A1A2 B2 A2... . . . ...AM AM � � � BM1CCCAM�M ;6



where we have used the simpler notation Ai for Ai;j , sin
e Ai;j does not depend on the se
ond indexj. Integrating (3.8) over � from � = 0 to � = 1 we obtain0 = g(x1)� g(x0) = �Z 10 G(x(�))d�� (x1 � x0) ; (3.9)where (x1 � x0) is a 
onstant 
ow ve
tor. Let Bi(x) = R 10 Bi(x(�))d� and Ai(x) = R 10 Ai(x(�))d�.In view of 
onstraints (3.1) and (3.5), we have:Bi(xi; x�i) > Ai;j(xi; x�i) > 0 ; 8i; j :Thus, it follows that Bi(x) > Ai(x) > 0, for any 
ow ve
tor x(�).In order to simplify the notation, de�ne the matrix G(x1; x0)G(x1; x0) := Z 10 G(x(�))d� = 0BBB�B1 A1 � � � A1A2 B2 A2... . . . ...AM AM � � � BM1CCCAM�MLemma 3.2. The matrix G(x1; x0) is full rank for any �xed x.Proof. The matrix G is full rank if the only ve
tor y satisfying G y = 0 is the null-ve
tor, y = 0.Expanding this equation for all i, one obtainsBiyi +AiXj 6=i yi = 0 : (3.10)Rearranging the terms in (3.10) and solving for yi:yi = �AiBi �Ai MXj=1 yj ; (3.11)where the term Ai=(Bi � Ai) is stri
tly positive as a result of Bi > Ai > 0. Now summing over i,we get MXi=1 yi = � MXi=1 AiBi �Ai MXj=1 yj ;whi
h 
an only hold if PMj=1 yj = 0, and from (3.11), yi = 0 8i. Thus, we 
on
lude that the matrixG is full rank.Finally, we rewrite (3.9) in the following form:0 = G � [x1 � x0℄ (3.12)By Lemma 3.2, the square matrix G is full rank. Therefore, the only possibility for (3.12) to hold isx1 � x0 = 0. Therefore, the Nash equilibrium is unique.7



The lines of the proof above 
an a
tually be used to prove uniqueness of Nash equilibriumwhenever it exists for more general M-player games. We state and prove this result below, whi
hshould be of independent interest.Corollary 3.3. Consider a non
ooperative game with M players, with twi
e di�erentiable 
ostfun
tions, Ji(xi; x�i) for player i, and a 
ompa
t strategy spa
e, X. Let the pseudo-gradient ve
torbe denoted by g(x), i.e. g(x) := 0B� rx1J1(x1; x�1)...rxMJM (xM ; x�M )1CA ;and the Ja
obian of g(x) with respe
t to x be denoted by G(x). Further de�neG := Z 10 G(x(�))d� :If for all strategies that are in the interior of the strategy spa
e, Xo, the matrix G is full rank, thenthere is at most one equilibrium in Xo.Proof. Suppose that there exist two Nash equilibria, represented by two 
ow ve
tors x1 and x0,with elements x0i and x1i , respe
tively. As we 
onsider only inner solutions, it follows from �rstorder optimality 
ondition that g(x0) = 0 and g(x1) = 0. De�ne the 
ow ve
tor x(�) as a 
onvex
ombination of the two equilibrium points x0 ; x1 :x(�) = �x0 + (1� �)x1where 0 < � < 1. By di�erentiating x(�) with respe
t to �, we obtaindg(x(�))d� = G(x(�))dx(�)d� = G(x(�))(x1 � x0) :Integrating this over � from � = 0 to � = 1 we obtain0 = g(x1)� g(x0) = �Z 10 G(x(�))d�� (x1 � x0) � G � [x1 � x0℄ : (3.13)Sin
e G is full rank, the only possibility for (3.13) to hold is x1�x0 = 0. Thus, the Nash equilibriumis unique whenever it exists.3.2 Existen
e of Unique Nash Equilibrium under Linear Utility Fun
tionsHere, we show the existen
e of a unique Nash equilibrium for 
ost fun
tions with linear utility.Furthermore, by exploiting the linearity of rea
tion fun
tions, we 
ompute the equilibrium pointexpli
itly. Sin
e we 
arry out the analysis for a general ai, it applies not only to the worst-
aseanalysis, but also to the lo
al analysis, where the logarithmi
 utility fun
tion is approximated by alinear fun
tion.Again, ea
h user minimizes his 
ost fun
tion (2.3), under the 
onstraints given in (3.1) and (3.2).First assuming an inner solution, we have for the ith user:8



� ~Ji(xi; x�i)�xi = kix2i + 2kixim� 2kixi(xi + x�i)(m� (xi + x�i))2 � ai = 0 ; (3.14)whi
h 
an be solved for xi, to lead to: 1xi = (m� x�i)"1�r kiki + ai #The solution with the plus sign is eliminated in view of the 
onstraint m� x�i � xi; hen
e, theonly feasible solution is the one with the minus sign:xi = (m� x�i)[1�r kiki + ai ℄ � mqi � qix�i ; (3.15)where qi := 1�r kiki + ai (3.16)To 
omplete the derivation we now 
he
k the boundary solutions. For the boundary pointxi = 0, we observe from (3.14) that � ~Ji(xi;x�i)�xi = �ai, whi
h means that the user 
an de
rease his
ost by in
reasing xi. Hen
e, this 
annot be an equilibrium point. For the other boundary pointsxi = m � x�i and x�i = m, we observe that at these points the 
ost goes to in�nity. As a result,the inner solution is the unique optimal response for the 
onstrained optimization problem of theith user, for ea
h �xed x�i < m. We observe from (3.15) that the unique optimal 
ow for the ithuser is a linear fun
tion of the aggregate 
ow of all other users. This set of M equations 
an now besolved for xi; i = 1; : : : ;M . To ease the notation, let �x := xi + x�i. Then, (3.15) 
an be rewrittenas xi = mqi � qi(�x� xi)) xi = qi1� qim� qi1� qi �x:Summing both sides from 1 to M , and letting� := MXi=1 qi1� qi ; (3.17)we obtain �x = �m� ��x) �x = �1 + �m :Note that � is well de�ned and positive, sin
e 0 < qi < 1 8i. Hen
e �x < m, thus satisfying theunderlying 
onstraint. Finally, substituting �x above into the expression for xi (in terms of �x), yieldsthe following unique solution to (3.15):x�i = 11 + � qi1� qim ; i = 1; : : : ;M : (3.18)1Here we assume throughout that xi 6= m� x�i, whi
h will be seen shortly not to be an assumption at all.9



Note that (3.18) is feasible sin
e it is stri
tly positive, and PMi=1 x�i < m. We summarize thisresult in the following theorem, whose proof follows from the leading derivation:Theorem 3.4. There exists a unique Nash equilibrium in the network game with users having linearutility fun
tions, and it is given by (3.18), where qi and � are given by (3.16) and (3.17), respe
tively.We 
on
lude the se
tion with an important proposition, justifying the worst-
ase analysis basedon linear utility fun
tions.Proposition 3.5. Given the total 
ow rates of all users ex
ept the ith one, x�i = Pj 6=i xj , theoptimal 
ow rate of the ith user, xopti;nonlin, having a logarithmi
 utility and the 
ost fun
tion (2.3) isless than the optimal rate xopti;lin obtained when the same user has the linear utility (2.4) with ai = 1and 
ost fun
tion (2.5).Proof. The optimal solution of the ith user was already shown to be an inner solution. Di�erentiatingthe linear utility 
ost, ~Ji, given by (2.5), and the logarithmi
 utility 
ost, Ji, given by (2.3), bothwith respe
t to xi, we obtain: ~J 0i = P 0i � ~U 0i = P 0i � 1 (3.19)J 0i = P 0i � U 0i = P 0i � 11 + xi (3.20)where a `prime' denotes partial derivative with respe
t to xi. The pri
ing fun
tion Pi in (2.1) isunimodal with a global minimum at xi = 0. Hen
e, for xi � 0, P 0i is a monotoni
ally in
reasingfun
tion passing through the origin. Hen
e, the point at whi
h (3.19) is zero is stri
tly larger thanthe point at whi
h (3.20) is zero, that is xopti;nonlin < xopti;lin. This 
ompletes the proof.An intuitive explanation of this result lies in the high marginal demand of worst-
ase utility,a = 1. The marginal demand of a user with linear utility is higher than the one with logarithmi
utility. The proposition above is based on this di�eren
e in demand.4 Update Algorithms and StabilityIn the previous se
tion, it was shown that a unique equilibrium point exists under di�erent 
ostfun
tions, where ea
h user attains a minimum 
ost given the equilibrium 
ow rates of the otherusers. In a distributed environment, however, ea
h user a
ts independently and 
onvergen
e to thisequilibrium point does not o

ur instantaneously. Hen
e it is important to study the evolutionof various iterative pro
esses toward the unique equilibrium. In the literature, there exist variousiterative update s
hemes with di�erent 
onvergen
e and stability properties [2℄. We 
onsider herethree asyn
hronous update s
hemes relevant to the proposed model: PUA, parallel update algo-rithm, whi
h is also known as the Ja
obi algorithm; RUA, random update algorithm, and GUA,gradient update algorithm, also known as Ja
obi overrelaxation [10℄. For the spe
i�
 model at hand,individual users do not need to know the spe
i�
 
ow rate of other users, ex
ept their sum. Thisfeature is of great importan
e for possible appli
ations, as it simpli�es substantially the information
ow within the system. 10



4.1 Parallel Update Algorithm (PUA)In PUA, the users optimize their 
ow rates at ea
h iteration, in dis
rete time intervals : : : ; n �1; n; n + 1 : : :. If the time intervals are 
hosen to be longer than twi
e the maximum delay in thetransmission of 
ow information, it is possible to model the system as an ideal, delay-free one. In asystem with delays, users update their 
ows using the available (delayed) information.One important feature of PUA is that the users are myopi
. They optimize their 
ow ratesbased on instant 
osts and parameters, ignoring future impli
ations of their a
tions. In a delay-freesystem, this behavior a�e
ts 
onvergen
e rate adversely as it will be seen in the simulations.For the 
ost fun
tion (2.3), the players use either nonlinear programming te
hniques to mini-mize their 
ost at ea
h iteration or dire
tly the rea
tion fun
tion. The analyti
al solution to theoptimization problem of the ith user turns out to be the root of the third-order equation:kix3i + (2ki(m� x�i) + k � 1)x2i + (2(k + 1)(m� x�i))xi + [m� xi℄2 = 0 (4.1)Only one root of this equation, denoted ~xi, is feasible: 0 < ~xi < m. The 
losed-form solutionfor this root is at the same time the rea
tion fun
tion, whi
h is highly nonlinear in 
ontrast to thelinear rea
tion fun
tion given by (3.15). As the root of (4.1) involves a 
ompli
ated expression, wewrite the nonlinear rea
tion fun
tion of the ith user only symboli
ally :x(n+1)i = f(x(n)�i ; ki) (4.2)Stability and 
onvergen
e of the system is as important as the existen
e of a unique equilibrium.In an unstable system, the 
ow rates may os
illate inde�nitely if there is a deviation from equilibrium.Or, if the system does not have the global 
onvergen
e property, there exists the possibility of notrea
hing the equilibrium at all through an iteration starting at an arbitrary feasible point.We now study the 
onvergen
e of PUA for the linear rea
tion 
ase. The update fun
tion for theith user is (from (3.15)): x(n+1)i = mqi � qix(n)�i 8i; n ; (4.3)where qi was de�ned in (3.16). Let 4xi = xi � x�i , where x�i is the 
ow rate of the ith user at theNash equilibrium. Then we have 4x(n+1)i = �qi4x(n)�i ;8i (4.4)Let k�xk = maxi j�xij ;and note that from (4.4): k�x(n+1)k � (M � 1)maxi jqij k�x(n)kClearly, we have a 
ontra
tion mapping in (4.4) if (M � 1)maxi jqij < 1. Thus, the followingsuÆ
ient 
ondition ensures the stability of the system with linear utility under the PUA algorithm:jqij � 1M ; i = 1; : : : ;M (4.5)11



One simple way of meeting this 
ondition is to set qi = 1M ; i = 1; : : : ;M . From (3.16), (4.5)translates into the following stability 
ondition on the pri
ing parameter ki for ea
h i :ki � (M � 1)22M � 1 ai : (4.6)Noti
e that these apply not only to the analysis in the linear-rea
tion 
ase, but also to the lo
alanalysis of the nonlinear-utility 
ost fun
tion (2.3). Thus, the system is lo
ally stable and 
onvergentunder PUA if the 
ondition above is satis�ed. Next, we show that the system not only has lo
alstability and 
onvergen
e property, but it is also globally stable and 
onvergent for the nonlinear-utility 
ost. Before making a pre
ise statement of this result and pro
eeding with the proof, wepresent the following two useful Lemmas.Lemma 4.1. For any feasible point xo = x(n) at time (n), let x(n+1)i be the out
ome of the ithuser's nonlinear rea
tion fun
tion (4.2). If x(n)i > x�i , where x� is the unique equilibrium, thenx(n+1)i � x(n)i .Proof. Assume that x(n+1)i > x(n)i > x�i . Given the 
ow rate, x(n)i , of the ith user at the time instantn, we linearize the logarithmi
 utilility, Ui, given in (2.2) around this value, and turn it into (2.4)by de�ning ai(x(n)i ) := �Ui(x(n)i )�xi = 11 + x(n)i :Thus, the nonlinear rea
tion fun
tion (4.2) is linearized to (4.3) at x(n)i . Using the fa
t that ai(x(n)i ) >�Ui(x(n+1)i )�xi and following an argument similar to that used in the proof of Proposition 3.5, theresulting 
ow, x(n+1)i;lin , provides an upper bound on x(n+1)i . Combined with the 
ontra
tion propertyof linear rea
tion fun
tion, we obtain: x(n+1)i < x(n+1)i;lin < x(n)i (4.7)Obviously, (4.7) 
ontradi
ts the assumption made, and hen
e x(n+1)i � x(n)i .Lemma 4.2. For any feasible point xo = x(n) at time (n), if x(n)i < x�i , then x(n+1)i � x(n)i .Proof. The proof is very similar to that of Lemma 4.1. Suppose that x(n+1)i < x(n)i < x�i . Then, it
an be shown that ai < �Ui(x(n+1)i )�xi , and x(n+1)i;lin provides a lower bound on x(n+1)i . Again using the
ontra
tion property, x(n+1)i > x(n+1)i;lin > x(n)iAs this 
ontradi
ts the initial hypothesis, x(n+1)i � x(n)i .Theorem 4.3. The PUA is globally 
onvergent and stable for both the linear and logarithmi
 utility
ost fun
tions (2.3) and (2.5), under the suÆ
ient 
ondition (4.6).12



Proof. The 
onvergen
e result for the linear utility 
ase was obtained above. In prin
iple, it isalso possible to derive the global 
onvergen
e result for the logarithmi
 utility 
ase, using the samemethod, but this time the rea
tion fun
tion (4.2). This rea
tion fun
tion was obtained as one ofthe roots of the 3rd order equation (4.1), and is highly nonlinear. Hen
e the method based onrea
tion fun
tions be
omes pra
ti
ally intra
table. We will, therefore, make use of the lo
al andworst-
ase analyses to obtain a global 
onvergen
e result. As in Lemma 4.1, the nonlinear rea
tionfun
tion (4.2) 
an be linearized to (4.3) at ea
h x(n)i . Also note that the existen
e of a unique feasibleNash equilibrium, 0 < x�i < m, was already established for the network game.For any feasible initial point, x0, we have the following 
ases for the ith user:In the �rst 
ase, x(n)i > x�i , where x(n)i = xi;0 is the starting point. A

ording to Lemma 4.1,there are two possibilities: x�i < x(n+1)i < x(n)i and x(n+1)i < x�i < x(n)i . The former 
ase resultsin a monotoni
ally de
reasing sequen
e bounded below by x�i , whereas the latter 
ase leads to anos
illating sequen
e around the equilibrium.In the se
ond 
ase, x(n+1)i < x�i , where x(n+1)i 
an be 
onsidered as the starting point at anytime instant (n + 1). Again by Lemma 4.2, there are two possibilities: x�i > x(n+1)i > x(n)i andx(n+1)i > x�i > x(n)i . Similar to the previous 
ase, the former leads to a monotoni
ally in
reasingsequen
e bounded above by x�i , and the latter results again in an os
illating sequen
e around theequilibrium. In order to analyze these 
ases, one 
an de�ne the relative distan
e to equilibrium as4x(n)i := x(n)i � x�i .If x(n+1)i > x(n)i , then the linearized rea
tion fun
tion at x(n)i provides an upper bound, x(n+1)i;linear ,on x(n+1)i , following an argument similar to the one in Proposition 3.5. The fa
t that �U(n)i�xi < a(n)ijusti�es the given bound. Using the 
ontra
tion property of linearized rea
tion fun
tion (4.4) andthe worst-
ase bound above, we obtain:4x(n+1)i;linear <4x(n)i <4x(n)i;linear 8i (4.8)For x(n+1)i < x(n)i , following a similar argument, it is easy to show that the relation (4.8) alsoholds. Therefore, for all possible 
ases, we have shown that, at ea
h iteration lo
ally linearized 
owsprovide a de
reasing upper bound to the iterates of the nonlinear rea
tion fun
tion for the distan
eto equilibrium. Figure 1 summarizes this dis
ussion graphi
ally.The 
ow rate of any ith user 
onverges to the unique Nash equilibrium and the nonlinear system isstable and globally 
onvergent from any feasible initial point x0. We note that the proof is based onthe 
onvergen
e of the linear system, whi
h is required for the 
onvergen
e of the nonlinear system.Moreover, 
ondition (4.5), or equivalently (4.6), is suÆ
ient for the 
onvergen
e of the iteration
orresponding to linear and nonlinear rea
tion fun
tions.4.2 Random Update Algorithm (RUA)Random update s
heme is a sto
hasti
 modi�
ation of PUA. The users optimize their 
ow rates indis
rete time intervals and in�nitely often, with a prede�ned probability pi, 0 < pi < 1, for user i.Thus, at ea
h iteration a random set of users among the M update their 
ow rates. Again, the usersare myopi
 and make instantaneous optimizations. In the limiting 
ase, pi = 1, RUA is the same asPUA. The non-ideal system with delay is also similar to PUA. The users make de
isions based ondelayed information at the updates, if the round trip delay is longer than the dis
rete time interval.13
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(a) (b)Figure 1: (a) Comparison of nonlinear, lo
ally linearized: ai = 11+xi and linear worst-
ase: ai = 1
ow rates, (b) Distan
e to equilibrium, nonlinear and lo
ally linearized.For the linear-utility 
ase (2.3) with linear rea
tion fun
tion (3.15), the update s
heme may beformulated for the ith user as follows:x(n+1)i = ( mqi � x(n)�i qi ; with probability pix(n)i ; with probability 1� piSubtra
ting x�i from both sides, we obtain:4x(n+1)i = ( �qi4x(n)�i ; with probability pi4x(n)i ; with probability 1� piTaking the absolute value of both sides, and then taking expe
tations, lead toEj4x(n+1)i j � piqiEj4x(n)�i j+ (1� pi)Ej4x(n)i j� piqiPMj=1 Ej4x(n)i j+ (1� pi(1 + qi))Ej4x(n)i jChoosing pi � 11+qi , this expression 
an further be bounded by14



Ej4x(n+1)i j � piqi MXj=1Ej4x(n)j j ;and summing over all users we obtainMXi=1 Ej4x(n+1)i j � ( MXi=1 piqi) � MXi=1 Ej4x(n)i j (4.9)If PMi=1 piqi < 1, �(n) :=PMi=1 Ej4x(n)i j is a de
reasing positive sequen
e, and hen
e 
onvergesto the only equilibrium state of (4.9), zero. This implies 
onvergen
e of ea
h individual term in thesummation to zero, whi
h in turn says that x(n)i ! x�i ; i = 1; : : : ;M , with probability 1. Noti
ethat the suÆ
ient 
ondition (4.5) for the stability of PUA also guarantees the stability of RUA forthe linear utility 
ase.The question now 
omes up as to the 
hoi
e of pi that would lead to fastest 
onvergen
e in (4.9),whi
h we will 
all the optimal update probability. Maheswaran and Ba�sar [11℄ show that in aquadrati
 system without delay, one 
an �nd a fairly tight bound for optimal update probability asnumber of users goes to in�nity, and this bound is 23 . Repeating the same analysis for this modeland linear 
ost fun
tion leads to an exa
t update probability popt = 23 , whi
h is optimal for a largenumber of users.The stability and 
onvergen
e results obtained also apply to the lo
al analysis of the nonlinearutility fun
tion as in PUA. Hen
e the nonlinear utility 
ase is lo
ally stable under RUA. Moreover,Lemma 4.1 and Lemma 4.2 are valid for RUA, and hen
e Theorem 4.3 holds, indi
ating the globalstability of the algorithm.4.3 Gradient Update Algorithm (GUA)Gradient update algorithm 
an be des
ribed as a relaxation of PUA. For this s
heme, we de�nea relaxation parameter si ; 0 < si < 1, for ith user, whi
h determines the stepsize the user takestowards the equilibrium solution at ea
h iteration.For the linear utility 
ase, the algorithm is de�ned as:x(n+1)i = x(n)i + si � [(mqi � x(n)�i qi)� x(n)i ℄ 8i; n (4.10)Di�erent from both PUA and RUA, the users are not myopi
 in this s
heme. Although theyseem to 
hoose suboptimal 
ow rates at ea
h iteration instead of exa
t optimal solutions, theybene�t from this strategy by rea
hing the equilibrium faster. GUA, despite its deterministi
 naturelike PUA, is a
tually very similar to RUA in analysis. When 
ompared with PUA, as we observein simulations, GUA 
onverges faster to Nash equilibrium than PUA in highly loaded delay-freesystems, where there is a high demand for s
ar
e resour
es and users a
t simultanously. An intuitiveexplanation 
an be made using the fa
t that equilibrium point is quite dynami
 in loaded systemsduring iterations. In PUA, users update their 
ows as if it is stati
, while in GUA, users behavemore 
autiously and do not rush to the temporary equilibrium point at ea
h iteration. Thus, thewide 
u
tuations in 
ow rates, whi
h 
an be observed in PUA, are avoided in this 
ase. One 
aninterpret the relaxation parameter si also as a measure of this 
aution. Another advantage of GUA,its relative insensitivity to delays in the system, 
an also be explained with the same reasoning.15



A similar but deterministi
 version of the 
onvergen
e analysis of RUA for the linear utilityfun
tion yields the same 
onvergen
e result as in RUA, ex
ept that pi is now repla
ed with si:4x(n+1)i = (1� si)4x(n)i � siqi MXj 6=i4x(n)j (4.11)) j4x(n+1)i j � (1� si)j4x(n)i j+ siqi MXj 6=i j4x(n)j j ;8i (4.12)Choosing si � 11+qi , and imposing the 
ondition PMi=1 siqi < 1, the 
ow rates of the users
onverge to the unique equilibrium as in other s
hemes. Using (4.10), we obtain:limn!1 x(n)i = x�i = mqi � x��iqi ;8iThe suÆ
ient 
ondition (4.5) also guarantees the stability of GUA for the linear utility 
ase.Moreover, sin
e the GUA is a modi�
ation of PUA, it 
an be shown that Lemma 4.1 and Lemma 4.2hold for the GUA as well. Thus, the stability results of the RUA are dire
tly appli
able to GUA forboth the linear and nonlinear rea
tion fun
tions.Next, we investigate the possibility of �nding an optimal relaxation parameter, s, for the linearutility 
ase, in the sense that it leads to fastest 
onvergen
e to the equilibrium. In order to simplifythe analysis, we assume symmetri
 users, resulting in qi = q = 1M , and si = s ;8i. For the spe
ial
ase of symmetri
 initial 
onditions, we obtain from (4.11):4x(n+1)i = [1� s(1 + (M � 1)q)℄4x(n)iThe value of s, leading to fastest 
onvergen
e in this 
ase issopt = 11 + (M � 1)=M ) limM!1 sopt = 0:5 ; (4.13)whi
h leads to one-step 
onvergen
e.For the general 
ase, however, it is not possible to �nd a unique optimal value of s, as di�erentstarting points for users whi
h result in di�erent 4xi at ea
h iteration, a�e
t the optimal value ofs. Using simulations, we 
on
lude that optimal value of s for a delay-free linear system should bein the range 0:5 < sopt < 1.The analysis for the linear utility 
ase applies to the nonlinear utility 
ase lo
ally, giving thesame lo
al stability and 
onvergen
e results. One 
an show that in addition to the lo
al results,global 
onvergen
e and stability of PUA also apply to GUA. Therefore, GUA 
onverges globallyto the unique equilibrium in the nonlinear utility 
ase. As it will be shown in numeri
al examples,GUA be
omes advantageous only under heavy load, and loses its fast 
onvergen
e property in lightlyloaded systems.5 Numeri
al Simulations of the Update S
hemesEa
h update s
heme analyzed in the previous se
tion is simulated using MATLAB. The proposedmodel is tested through extensive simulations for both nonlinear and linear rea
tion fun
tions. The16



latter 
an be 
onsidered as either worst-
ase analysis or lo
al approximation to the nonlinear utility
ost. The system is simulated �rst without delay under all three update s
hemes: PUA, RUA andGUA. Next, in the se
ond group of simulations, uniformly distributed delays are added to the systemfor a more realisti
 analysis. The 
onvergen
e rate is measured as the number of iterations requiredto rea
h the unique Nash equilibrium. As a simpli�
ation, we assumed symmetri
 users in most
ases, where 
ost parameters like, a; k; q, update probability, p, for RUA, and relaxation parameter,s, for GUA are not user spe
i�
. Starting 
ondition for simulations is the origin, i.e. zero initial
ow, unless otherwise stated. The following 
riterion is used as the stopping 
riterion, where M isthe total number of users. PMi=1 jx(n+1)i �x(n)i j �M � �. The stopping distan
e is 
hosen suÆ
ientlysmall, � = 10�5, for a

ura
y in all simulations.5.1 Simulations for Delay-free Case
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(a) (b)Figure 2: (a) Flow rates vs. iterations to equilibrium in 
ase of symmetri
 users and PUA, (b)Convergen
e rate of PUA for di�erent values of k.The 
onvergen
e of the update algorithms for di�erent numbers of users, as a 
ru
ial parameter,is investigated throughout the analysis. However, we �rst implemented the basi
 PUA algorithmwithM = 20 users with linear rea
tion fun
tions and a = 1 indi
ating a high demand for bandwidth.k = 10 is 
hosen to ensure stability. From Figure 2(a), we observe the undesirable, wide os
illationsin 
ow rates of users, whi
h is a disadvantage of PUA under a heavily loaded delay-free system.In this 
ase, although the number of users is small, the low value of pri
ing parameter k loads thesystem. Absen
e of delay in the system also 
ontributes to the instantaneous load, as the users a
tsimultaneously. The instantaneous demand a�e
ts the 
onvergen
e rate signi�
antly in delay-freesystems, espe
ially under PUA.Another important parameter in the system is the pri
e, k. The impa
t of the pri
e on thesystem is investigated in the next simulation. Figure 2(b) shows the e�e
t of varying the pri
ingparameter k under PUA. Again, there are M = 20 users. It 
an be observed that as the pri
ein
reases, the 
onvergen
e rate drops. An intuitive explanation for this phenomenon is based on thee�e
t of pri
e on the demand of users. An in
rease in pri
e results in a de
rease in demand and17



system load, leading to faster 
onvergen
e. Even though the simulation here is for a delay-free linear-utility system, varying the pri
e leads to similar results under all update s
hemes for both linearand nonlinear rea
tion fun
tions. Theoreti
al 
al
ulations based on linear utility, in the previousse
tion, show that the minimum value of k satisfying the stability 
riterion is 9:2 for this spe
i�

ase. This bound on k is only a suÆ
ient 
ondition for stability, whi
h is veri�ed in this simulationby observing the 
onvergen
e of system for k = 9. The large number of iterations required, on theother hand, indi
ates the tightness of the bound.Next set of simulations investigate the two basi
 parameters of RUA: M , number of a
tive users,and, p, the update probability. The simulation results in Figure 3(a) verify the theoreti
al analysisof the previous se
tion for linear utility 
ost. It is observed that with the in
reasing number of usersthe optimal update probability gets 
loser to the value 2=3. For 
ompleteness, the same simulationis repeated for the logarithmi
 utility 
ost. Interestingly, we obtained similar results, as shown inFigure 3(b). Due to the stru
ture of logarithmi
 utility fun
tion, the demand of users is less thanin the linear utility 
ase, and hen
e the system is not loaded as mu
h as in the linear 
ase. For thesame number of users, we observe that the optimal update probability shifts to higher values. As a
on
lusion, Figure 3(b) 
an be 
onsidered as a stret
hed version of Figure 3(a), due to the 
hangein load.
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(a) (b)Figure 3: (a) Convergen
e rate of RUA asM gets larger, for di�erent update probabilities 0 < p < 1,and linear utility, (b) Convergen
e rate of RUA for nonlinear utility.Similar to RUA, a simulation based on the relaxation parameter s is done for linear 
ost underGUA. The result 
on�rms the theoreti
al result (4.13) for symmetri
 initial 
onditions. Other initial
onditions, however, lead to di�erent optimal values for s, in most 
ases between 0:6 and 0:8. Theresult 
an be interpreted as the variation in the amount of instantaneous demand for bandwidth. Inthe symmetri
 initial 
ondition, all users a
t the same way, leading to higher simultaneous demand,where `being 
autious' or de
reasing s is advantageous. For other initial values, the instantaneousdemand de
reases, where in
reasing s a�e
ts the 
onvergen
e rate positively. We 
on
lude that GUAis only advantageous in situations with high instantaneous and total demand, whi
h will further beveri�ed in delayed simulations.Finally, we 
on
lude the simulations without delay by a 
omparison of the 
onvergen
e rate of18



all three algorithms for di�erent numbers of users. The results for the linear rea
tion fun
tion aredepi
ted in Figure 4. We observe 
learly that both GUA and RUA are superior to PUA. Anotherimportant and promising observation is that the rates of 
onvergen
e for GUA and PUA are almostindependent of the number of users. The simulation is repeated for nonlinear utility 
ost and forhighly and lightly loaded systems. To 
hange the amount of load on the system, the 
apa
ityparameter m is varied this time, instead of pri
e k. They a�e
t, as expe
ted, the 
onvergen
e ratein opposite ways. Obviously, the smaller the 
apa
ity, the heavier the load. Similar to the linearutility 
ase, GUA 
onverges faster with in
reasing number of users. It performs, however, poorerunder light load. Same trend is also observed for RUA. One interesting phenomenon is the highperforman
e of PUA under light load. It 
an be interpreted as a result of the low instantaneousdemand due to the variation of utility for di�erent 
ow rates.
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Figure 4: Comparison of Convergen
e rates of PUA, RUA and GUA for in
reasing number of users,linear utility, delay-free system.5.2 Simulations with DelayIn order to make the simulations more realisti
, we next introdu
e the delay fa
tor into the systemin following way: users are divided into d equal groups, where ea
h group has an in
reasing numberof units of delay. For example in a four group system, the �rst group has no delay, the se
ond onehas one unit delay, the third group two units of delay, et
. When the simulations are repeated withuniformly distributed delay as des
ribed, the results obtained are quite di�erent from the previousones. PUA, for example, performs better than in the linear utility 
ase without delay. This ispossibly 
aused by the de
rease of instantaneous demand, due to the delay fa
tor. This resultstrengthens the argument made on PUA in the previous se
tion.In RUA, however, the optimal update probability disappears in 
ontrast to the delay-free 
ase,as 
an be seen in Figure 5. Again, the underlying 
ause is the e�e
t of delay fa
tor on instantaneousdemand. Another important result is the similarity of the results for linear (a) and nonlinear (b)
ases in this simulation. Regarding PUA, we 
an 
on
lude that it performs better when bothinstantaneous and total demand are low and system resour
es are abundant. Su
h 
onditions existfor delayed systems with users having logarithmi
 utility. RUA, on the other hand, performs worse19
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(a) (b)Figure 5: (a) Convergen
e rate of RUA as M gets larger and for di�erent update probabilities0 < p < 1 in a delayed system with d = 5, (b) same simulation with the nonlinear system.with de
reasing update probability in su
h a 
ase.Next, GUA is investigated under a delay in
orporated system for an optimal relaxation param-eter. Using the results of several simulations, we 
on
lude that the optimal value of s de
reasesin the linear utility 
ase, as the delay fa
tor in
reases. Interestingly, this trend disappears for thenonlinear 
ase. Similar to RUA, GUA also loses its advantage with nonlinear rea
tion fun
tions ina delayed system under normal load. Comparison of all three algorithms in the delayed nonlinearsystem for high and low load 
an be seen in Figure 6(a). In the graph below, pri
es are halved,while the 
apa
ity is tripled with respe
t to the one above. As expe
ted, PUA performs better thanRUA for any load. Under light load, PUA is superior to GUA, with the aid of delay fa
tor and lowinstantaneous delay due to logarithmi
 utility of users. As the load in the system in
reases, GUAperforms 
omparable to PUA, verifying the observation in Figure 6(a).In another set of simulations, we investigate the robustness of the algorithms under disturban
es.Disturban
e is added to the system by varying the number of users at ea
h iteration by about %10of the total number of users on the average. The arrival of users is modeled as a Poisson randompro
ess, and 
onne
tion durations are 
hosen to be exponentially distributed. Hen
e, the numberof users in the system 
onstitute a Markov 
hain. Figure 6(b) shows the stability results underdi�erent update s
hemes in terms of the per
entage distan
e to the ideal equilibrium for an exampletime window. The lower right graph is the result of the simulation with nonlinear rea
tion fun
tionunder PUA. We observe that the average distan
es to the equilibrium vary between %0.5 and %1.5,whi
h indi
ate that the system is very robust under all s
hemes and 
osts.Finally, a pri
ing s
heme with two 
lasses, a group of priority and a group of regular users isstudied. Priority users are 
harged less -in terms of network 
redits- than the regular users bysetting k = 200 vs. k = 240 for the ex
ess 
ow rate, x. A similar disturban
e stru
ture to the oneabove is used by varying the number of users in order to 
reate a more realisti
 setting. Again thesimulation is done with users having a nonlinear rea
tion fun
tion under PUA. The 
ow rates of twosample users from ea
h 
lass are shown in Figure 7. We observe that the pri
ing s
heme is su

essfulin di�erentiating the priority user from the regular one. Moreover the robustness of the model is20
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(a) (b)Figure 6: (a) Comparison of Convergen
e rates of PUA, RUA and GUA for in
reasing number ofusers, nonlinear 
ost. (b) Robustness Analysis for PUA in 
ase of the nonlinear utility. Per
entagedistan
e and number of users vs. time.preserved.6 Con
lusionWe have introdu
ed a mathemati
al model whi
h 
an be used as a basis for implementation of realtime traÆ
 on the Internet. The 
ombination of admission 
ontrol and end-to-end distributed 
ow
ontrol results in a very 
exible framework, whi
h 
aptures all traÆ
 types from low to mediumelasti
ity. Market based approa
h enables the model to address two major issues, pri
ing andresour
e allo
ation, simultaneously.A unique Nash equilibrium is obtained, and 
onvergen
e properties of relevant asyn
hronousupdate s
hemes are investigated both theoreti
ally and numeri
ally. Conditions for the stability ofthe equilibrium point under three update algorithms are obtained and analyzed in the 
ases of linearand nonlinear rea
tion fun
tions. The simulation results suggest the use of GUA or RUA in heavyloaded systems with less delay and high demand for bandwidth. In delayed systems, however, PUAperformed better than the other two. The linear analysis not only provided a lo
al approximationto the nonlinear 
ost, but also established 
onvergen
e and stability results, helping to solve thegeneral nonlinear 
ases.One of the advantages of this model is its 
exibility, whi
h at the same time opens up manydire
tions for future resear
h. There are also many open questions requiring further investigation,su
h as the following: (i) The model is analyzed here for a sample bottlene
k node. Possibleimplementations for a general network topology and routing problem are open issues. (ii) The e�e
tof varying the virtual 
apa
ity C and the initial admission s
heme are possible points of investigation.In terms of pri
ing, the relation between �xed and variable pri
es should be investigated. (iii)Although the model is designed to share network resour
es with a best e�ort type distributed, elasti
network like the Internet, we have not addressed possible issues regarding the intera
tion of di�erent21
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Figure 7: Flow rates of a priority user with k = 200 and a regular user with k = 240 vs. time.proto
ols on the same network. Su
h an intera
tion may be a ri
h sour
e for further resear
h.Priority queueing, for example, might be investigated, as a means of 
ombining the proto
ols at therouter level.Referen
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