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Abstract—This paper investigates the properties of social
choice functions that represent resource allocation strategies in
interference coupled wireless systems. The allocated resources
can be physical layer parameters such as power vectors or
antenna weights. Strategy proofness and efficiency of social choice
Junctions are used to capture the respective properties of resource
allocation strategy outcomes being non-manipulable and Pareto
optimal. In addition, this paper introduces and investigates
the concepts of (strict) intuitive fairness and non-participation
in interference coupled systems. The analysis indicates certain
inherent limitations when designing strategy proof and efficient
resource allocation strategies, if the intuitive fairness and non-
participation are imposed. These restrictions are investigated in
an analytical social choice function framework for interference
coupled wireless systems. Among other results, it is shown
that a strategy proof and efficient resource allocation strategy
for interference coupled wireless systems cannot simultaneously
satisfy continuity and the frequently encountered property of
non-participation.

I. INTRODUCTION

The operator (and regulator) in wireless systems has a
pivotal role to ensure that deployment of technology, services
and resources is carried out in a socially optimal manner.
Future wireless systems might enable the user equipment with
intelligent software allowing the user to choose not to reveal
its true value for resources to a controller, e.g. base station,
operator. In such wireless systems, the controller serving users
has to design and implement resource allocation strategies,
extracting the true value of the resources from the users. Such
a system model deviates from traditional multiuser system
model, where users always reveal there utility for resources
honestly.

We utilize the social choice function (SCF) to represent
resource allocation strategies in interference coupled wire-
less systems. The goals of the designed resource allocation
strategies can be viewed in terms of social choice, which is
simply an aggregation of the reported utilities of the different
users towards a single joint decision, namely that of resource
allocation.

In the considered wireless system setting, the users can
choose their own utility functions. Furthermore, announcing
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their true utilities to the operator might not be in its best
interest of the users. In other words the users can choose
to reveal a utility function, which differs from their true
utility functions, so as to obtain more utility. Here the theory
of mechanism design comes into play. It is interested in
designing economic mechanisms, just like computer scientists
are interested in designing algorithms. Mechanism design can
be thought as reverse game theory and is rather unique within
economics in having an engineering perspective. Mechanism
design attempts implementing desired social choices in a
strategic setting — assuming that the different members of
society each act rationally in a game theoretic sense [1].

Non-manipulation of the social choice function outcome,
i.e. solution outcome of the resource allocation strategy is
captured by the property of strategy proofness. The property
of non—manipulation in a multiuser wireless systems implies,
that no user has an incentive to misrepresent its utility for
resources to the controller, which is allocating the resources.
A classical example of a strategy proof SCF is the second
price auction (Vickrey Clarke Groves (VCG) auction). Pareto
optimality of the solution outcome of the resource allocation
strategy is captured by the property of efficiency. This paper
studies such and certain other desirable properties of social
choice functions representing resource allocation strategies and
had the following main contributions:

1) a) A resource allocation strategy for interference cou-
pled wireless systems is non—manipulable em-
ulated by strategy proofness, if and only if
the signal-to-interference(-plus-noise) ratio (SINR)
function ~ for a particular user k is a constant
function, independent of the utility of its own
utility wg.

b) The constant mentioned in (la) depends on the
utility functions of the other users u_j, =

[U,l, ey U —1, U415+ UK].
2) We introduce the property of intuitive fairness. Intuitive
fairness implies that, if a particular user scales down
its demand for utility, then the other users must obtain



the same or better utility. Strict intuitive fairness is a
stricter requirement than intuitive fairness, where users
can choose from a family of utility functions (more than
scaling their utility functions).

a) The solution outcome of a strategy proof and effi-
cient resource allocation strategy, which satisfies
the property of intuitive fairness (see Definition
8) is robust to the scaling down the utility of a
particular user, when the utility functions of all
other users are fixed.

b) A strategy proof and efficient resource allocation
strategy, satisfying either intuitive fairness (see
Definition 8) or strict intuitive fairness (see Def-
inition 9) results in a solution outcome, which
can be changed only if two or more users change
their utilities, i.e. the resource allocation strategy
is robust to the change in utilities of any singular
user.

c) If a strategy proof and efficient resource allocation
strategy is not constant with respect to the utility of
a particular user k, then some other user j (j # k)
has to pay a price — decrease in its performance,
even if this other user j’s utility function is fixed.

3) We introduce the property of non—participation, which

says that if a particular user does not demand any utility,
then it obtains no resource. Hence, it can be easily
seen that the property of non—participation is generally,
always satisfied.
A strategy proof and efficient resource allocation strat-
egy for interference coupled wireless systems — cannot
simultaneously satisfy continuity and the very natural
property of non—participation. Continuity is a desirable
property of resource allocation strategies, for designing
practical algorithms and for mathematical tractability.
Hence, this result proves to be a impossibility result,
while designing resource allocation strategies, satisfy-
ing strategy proofness, efficiency, continuity and non—
participation, i.e. a strategy proof, efficient and non—
participation resource allocation strategy is discontinu-
ous.

We briefly summarize certain previous work done in the
framework of wireless or communication systems in relation
to strategy proofness — utilizing it as a condition to emulate
the property of non—manipulation of a resource allocation
strategy. Our reference list is by no means comprehensive
and the interested reader is further referred to the references
in the mentioned papers. [2] proposes a strategy proof trust
management system fitting to wireless ad hoc networks. This
system is incentive compatible in which nodes can honestly
report trust evidence and truthfully compute and broadcast
trust value of themselves and other nodes. [3] develop a
general method for turning a primal-dual algorithm into a
group strategy proof cost-sharing mechanism. The method is
used to design approximately budget balanced cost sharing
mechanisms for two NP-complete problems: metric facility

location, and single source rent-or-buy network design. Both
mechanisms are competitive, group strategyproof and recover
a constant fraction of the cost. [4], [5] calls nodes selfish if
they are owned by independent users and their only objective is
to maximize their individual goals. The paper presents a game
theoretic framework for truthful broadcast protocol and strat-
egy proof pricing mechanism. [6] proposes an auction-based
admission control and pricing mechanism for priority services,
where higher priority services are allocated to the users who
are more sensitive to delay, and each user pays a congestion
fee for the external effect caused by their participation. The
mechanism is proved to be strategy-proof and efficient. [7]
addresses the issue of user cooperation in selfish and rational
wireless networks using an incentive approach. They present
a strategy-proof pricing mechanism for the unicast problem
and give a time optimal method to compute the payment
in a centralized manner and discuss implementation of the
algorithm in the distributed manner. They present a truthful
mechanism when a node only colludes with its neighbors. [8],
[9] provide a tutorial on mechanism design and attempt to
apply it to concepts in engineering. [10], [11] utilize SINR
and power auctions to allocate resources in a wireless scenario
and present an asynchronous distributed algorithm for updating
power levels and prices to characterize convergence using
supermodular game theory. [12] have proposed a repeated
spectrum sharing game with cheat—proof strategies. They
propose specific cooperation rules based on maximum total
throughout and proportional fairness criteria.

As can be observed from the above references, they typically
design strategy proof resource allocation strategies for partic-
ular wireless or communication systems. Our paper character-
izes certain inherent boundaries while designing strategy proof
and efficient resource allocation strategies, when combined
with certain other very desirable and intuitive properties. We
investigate these contradictions in the framework of interfer-
ence coupled wireless systems and an analytical framework of
social choice functions, described in Section II below.

II. ANALYTICAL FRAMEWORK

In this paper we shall investigate the case of interference
coupled wireless systems. Before we begin to describe our
system model and present the relevant definitions, we provide
certain notational conventions used in the paper in Section
II-A below.

A. Preliminaries and Notation

Matrices and vectors are denoted by bold capital letters and
bold lowercase letters, respectively. Let y be a vector, then
y1 = [y]; is the I™ component. Let y_; denote the vector
y without the I"™ component. Likewise G = [Glmn is a
component of the matrix G. The notation y > 0 implies
that y; > 0 for all components [. & > y implies x; > y;
for all components [. Similar definitions hold for the reverse
directions. & # y implies that the vector differs in at least
one component. The set of non-negative reals is denoted as
R, . The set of positive reals is denoted as R, ;. Let u, 4, f



represent functions. Let U represent a family of functions.
Let w = [uq,...,ux] represent a K—tuple of functions. Let
UK represent a family of K—tuple of functions, where K
represents the cardinality of the set.

B. Interference Coupled Wireless Systems

In a wireless system, the users’ utilities can strongly depend
on the underlying physical layer. An important measure for the
link performance is the SINR. Consider K users with transmit
powers p = [p1,...,pk|’ and K := {1,..., K}. The noise
power at each receiver is o2. Hence the SINR at each receiver
depends on the extended power vector p, where

T
p= [ i ] = [p1 oo, 0] (1)
The resulting SINR of user k is
Pk
SINRy(p) = = ) 2)
k(P) T(p) ()

where 7y, is the interference (plus noise) as a function of p.
We describe the framework of these interference functions Zj,
briefly in Section II-C below.
C. Interference Functions

In order to model interference coupling, we shall follow the
axiomatic approach proposed in [13], [14].

Definition 1. Interference functions: We say that 7 : ]Rf 1,
R, is an interference function if the following axioms are

fulfilled:
Al conditional positivity Z(p) > 0 if p > 0
A2
A3
A4

scale invariance Z(ap) = oZ(p), Vo € Ry
monotonicity Z(p) > Z(p) if p > p
strict monotonicity Z(p) > Z(p) if p > p,
PE+1 > DK 41
Note that we require that Z(p) is strictly monotone with
respect to the last component pg (1. An example is Z(p) =
vp+0?, where v € RY is a vector of interference coupling

coefficients. The axiomatic framework A1-A4 is connected
with the framework of standard interference functions [13].

Definition 2. Standard interference functions: A function Y :
]Rf — R, is said to be a standard interference function if
the following axioms are fulfilled:

Y1 positivity Y(p) > 0, for all p € Rff ,
Y2 scalability Y (ap) < oY (p), for all a > 1,
Y3 monotonicity Y (p) > Y (p) if p > p.
For any constant noise power px4; = o2 the function

Y (p) = Z(p) is standard. Conversely any standard interfer-
ence function can be expressed within the framework Al1-A4.
The details about the relationship between the model Al-A4
and Yates’ standard interference functions were discussed in
[14] and further investigated in [15]. For the purpose of this

paper it is sufficient to be aware that there exists a connection

between these two models and the results of this paper are
applicable to standard interference functions.

D. Utility Modeling

In mathematical economics, the modeling of utilities of the
users, is an initial step towards characterizing the preferences
of the users and in turn utilizing the framework of mecha-
nism design and implementation theory. We are particularly
interested in analyzing the class of utility functions, which is
function of SINR, given by (2). The utility functions, which
shall be introduced are motivated based on two factors listed
below.

o Users in a wireless system coupled by interference and
can be competitive in nature.

o Performance indicators in wireless systems are influenced
by physical layer parameters.

Definition 3. SINR based utility (SBU) function: For user
k, uy is said to be an SBU function, if there exists a strict
monotone increasing continuous function ¢ and an interference
function Z;, such that

u®) = a(z ). 3)

Let w = [ug,...,ux] € UK, where U is the family of SBU
functions for K users. In our paper, “utility” can represent
certain arbitrary performance measures, which depend on
the SINR by a strictly monotone and continuous function %
defined on R . The utility of user k is

ui(p) = (v (p)), k€K, 4)

An example of the above case if capacity: u(x) = log(1 + x)
and effective bandwidth @(z) = x/(1 + z). We are usually
interested in maximizing the utilities. However, we can think
of utilities as loss functions, where we want minimize the loss
function. In the following performance indicators, we would
like to minimize the loss function, e.g. MMSE: u(x) = 1/(1+
z), BER: @(z) = Q(y/z) and high-SNR approximation of
BER i(x) =z~ with diversity order a.

III. MECHANISM DESIGN FRAMEWORK

In this section we review certain mechanism design notation
introduced in [16] in the context of interference coupled
wireless systems. The set of users in the system is defined as
K :={1,..., K}. We assume that the number of users K > 2.
Let R be an arbitrary set of alternatives at the physical layer,
where R := XrexcRy and 7, € Ry, Resources at the physical
layer are power, antenna weights, beamforming vectors etc. A
combination of these could also be considered as resources
and modeled by our framework.

Example 1. Consider a SIMO virtual uplink scenario with a
sum power constraint or a MISO downlink scenario with a
sum power constraint P, and beamforming vectors for the



users being wy, for k € K. The set of resources R can be
represented in this scenario as follows.

R = {(p,W1,...,WK) |p2 07zpk S Ptolab
ke

|willz = ... = [wkl2=1}. ()

A. Social Choice Functions and Existing Properties of Social
Choice Functions

Each user k£ has a preference relation defined over the set
of alternatives R, which admits a numerical representation
uy : Ry — R, . Different users in a wireless systems could
have different preferences as to what they wish the solution
outcomes of a resource allocation strategy should be. In Figure
1 we depict our abstraction of resource allocation strategies for
interference coupled wireless systems wireless systems. Figure
1 displays that we utilize a social choice function framework
of social choice functions to capture the resource allocation
problem in interference coupled wireless systems. We utilize
the social choice function to characterize resource allocation
strategies. If a particular property (axiom) is satisfied by the
social choice function (shown in the right hand side column
of Figure 1), then the corresponding property is satisfied by
the resource allocation strategy (shown in the left hand side
column of Figure 1), i.e. we utilize certain properties (axioms)
to emulate desirable and natural properties of resource allo-
cation strategies. A social choice function (SCF) aggregates

Social Choice Function
Framework in this paper

Interference Coupled
Wireless Systems

Social Choice

Resource Allocation _
Functions

Strategies

Desirable Properties Axioms

Non-manipulation
Pareto optimality

Strategy proofness
Efficiency

Fairness Intuitive fairness
Non-—participation Non-participation
Continuity Continuity

Figure 1. Mechanism design framework for investigating properties of social
choice functions representing resource allocation strategies in interference
coupled wireless systems

the preferences of all the users into a social choice for the
entire system, i.e. the solution outcome of a resource allocation
strategy [17].

Definition 4. Social choice function: A social choice function
(SCF) is a function f : U¥ — R that associates with every
u € UK an unique alternative f(u) in R.

Example 2. Consider an example, where the resources at the
physical layer are only the powers of the users, i.e. R = P,

D2

Resource ™

42

SINR region

Utilities:

u(p) = q(v(p))

QoSregion

Figure 2. Depiction of the set of resources P, mapping of the set of resources
to the SINR region and the special case of utilities being scalars (identity
functions) mapping to the QoS set in multiuser wireless systems

with > weic Pk < P and the utility function is defined by
(4). With this scenario, Figure 2 displays the set of resources
‘P, mapping of the set of resources to the SINR region and
the special case of utilities being scalars (identity functions)
mapping to the QoS set in multiuser wireless systems.

We formalize certain desirable properties of resource al-
location strategies by means of an axiomatic framework to
capture these properties. Our objective being in exploring
the consistencies between the various axioms (properties) of
the axiomatic framework which result in permissible resource
allocation strategies. The property, that a particular resource
allocation strategy is non— manipulable is emulated by the SCF
f satisfying the property strategy proofness.

Definition 5. Strategy Proof: A SCF f is said to be strategy-
proof, if for all users £ € K and for all utility functions
up, U € U, Va_j, € UK, we have that

ug (f(uk, @—g)) > ug(f (G, G_g)).

A mechanism is said to be strategy-proof if it reveals the
users true utilities.

Definition 6. Efficient: A SCF f is efficient if Yu € UK, there
is no € R such that ug(r) > ug(f(w)), for all users k € K
and wug(7) > ug(f(u)) for some user k € K.

Efficiency from the point of view of wireless communi-
cation (physical layer perspective) of the resource allocation
strategies, implies choosing an operating point on the Pareto
boundary of the feasible utility region [18].

Definition 7. Option set: The option set of a user k € K,



given a utility function vector u_j;, € UX is the set

Qr(u_x) =

{r € R | Juy € U, such thatf(ur,u_r) =7} (6)

where r is a resource vector.

The option set Qy, is the set of resources for all the users,
which user & can influence with its utility function, given the
utility function vectors u_j, € UX L. The use of option sets
has proved to be a useful technique in analyzing strategy proof
SCF [19]. The reader should bear in mind, that option sets are
relative to a given function on a given domain, even if this is
not explicit in the notation.

B. Introduced Properties of Social Choice Functions

In this section, we introduce the properties of (strict)
intuitive fairness and non—participation and connect them with
well established concepts in literature.

Definition 8. Intuitive fairness: A SCF f is said to satisfy the
property of intuitive fairness, if for all utility function vectors
u € UK, for all user £ € K we have that, for arbitrarily
chosen (ug,u_g) and 0 < A < 1,

ug(f(Auj,u_y)) > up(f(uj,u—j)), k€K, k#j.

A SCF is said to be intuitive fair, if for all users k € C, we
have the case that, if any one of the users linearly scales down
its utility, then the other users should either obtain the same
or better utility as against the case, when the user had not
scaled its utility. We now present a stricter form of the above
definition, namely that, not only can a user scale its utility
function, but it can choose another utility function altogether.

Definition 8 is similar to the axiom of population mono-
tonicity (in the context of cooperative bargaining theory)
introduced under a different name in [20]. the axiom of
population monotonicity say the following: Suppose a group of
users K; have arrived to play a particular resource allocation
game. If the users KCo\Ky (with K1 C K3) do not show up,
let the set of users Ky reach a particular solution outcome
to the resource allocation game. If the users K2\K; show up
afterwards, resource allocation is carried out again and no user
in Ky should be better off.

Definition 9. Strict intuitive fairness: A SCF f is said to
satisfy the property of strict intuitive fairness, if for all
users k € K, for all utility function vectors u_; € uKr-1,
uj,4; € U and for 0 < @;(r) < u;(r) for all » > 0, we have
that

u (f (g, u—5)) > u(f(uj, u—y)),

In the definition of strict intuitive fairness it can be seen,
that the utility function #; is dominated by the utility function
uj, for all users j € K, for all resource vectors r € R and
utility function vectors u_; € UKL,

The properties of intuitive fairness and strict intuitive
fairness are somehow connected to the property of max—
min fairness. With any resource allocations strategy providing

ke K\j.

service quality to the users we can associate a specific notion
of fairness. The consideration of fairness notions has been
mainly a wired network issue [21], [22]. The most common
fairness notion is max—min fairness. It represents an equilib-
rium associated with an ideally social system characterized by
the fact, that no users quality—of—service (QoS) measure can
be increased without decreasing an already lower users QoS
measure.

Comparing max—min fairness to intuitive fairness, we can
see that, if a particular user %k reduces its demand for utility,
then there are more resources for the remaining users. Hence,
another user j € /C\k could increase its utility without
decreasing of an user m € K\{j, k}.

We now discuss another property of resource allocation
strategies, namely point-wise continuity. We say that the
sequence {u(™},en, ul™ € UK converges to u € UK, if
for all constants Ry, > 0, we have that

lim max |u™ (r) — u(r)||; = 0.

m "
T r>0, 0 kS R

The utility functions {ug]’)}neN are defined by their values,
so the utility functions converge if their values converge.
This reduces the convergence of real-valued functions to the
convergence of real numbers. Such a convergence is called
pointwise convergence. Since, we are dealing with utility
function vectors (vector of utility functions) as against utility
functions. Hence, we use the [ — 1 norm. We would like at
this point to remind the reader that, we say that a SCF f is
continuous, if for all convergent sequences of utility vectors
{u™}, ey the following expression holds:

Tim [|f (™) = f(u)]n = 0.

We now explain a very natural property, which is almost
always satisfied for all resource allocation strategies occurring
in interference coupled wireless systems. The property states
that, if a particular user demands no utility, then the resource
allocation strategy does not allocate any resource to this user.

Definition 10. Non—participation: A SCF f is said to satisfy
the property of non—participation, if for a given user k € K
and for all utility function vectors u_j € U K—1 e have that

fk(O, u_k) =0.

Equipped with the suitable notations and framework, we
present the results of our analysis in Section IV below.

IV. PROPERTIES OF RESOURCE ALLOCATION STRATEGIES
A. Non-manipulability and Efficiency

We begin by presenting a result, which states the following:
a SCF f is strategy proof if and only if for all users k € KC,
the outcome of the resource allocation for the k™, i.e v (7)
is a constant, which is independent of its own utility function
ur € U. However, the constant is dependent on the utility
functions u_j, € UK 1 of the other users j € KC\k.



Theorem 1. For all users k € K, for all utility function
vectors u_j, € UKL, a SCF f is strategy proof, if and only
if there exists a constant ci(u—y) > 0, where for all resource
vectors 7 € Qr(u—_g), ve(r) = cp(u—yr), where ~y is the
SINR function of the k™ user.

Proof: “=": Assume that the SCF f is strategy proof.
Let there be an arbitrary user £ € KC and an utility function
vector u_j;, € UK~ also chosen arbitrarily but fixed. Then,
for utility functions uy, % € U chosen arbitrarily, we have
that

ug (f (ug, u—r)) > up(f (g, w_r))-

The above expression follows from strategy proofness. Then
we have that,

Ve (f (ug, w—r)) > Yo (f (g, u_y)).

However, due to strategy proofness, we also have that

g (f (g, u—r)) = Gx(f(uk, u—k))
Ve (f (g, u—r)) > v(f(ur, u—r)).

Then, we must have that

Ve (f (ur, u_g))
crp(u—_g).

Ve (f (Gg, u—g))

Since we have chosen the utility vector u; € U arbitrarily,
we have for all resource vectors 7 € Qp(u_y) that v (r) =
Cp (u,k)

“«<=": Let us choose an user k € K arbitrarily. Let
u_, € UK be an arbitrarily chosen (but fixed) utility
function vector. Let uy,uy € K be chosen arbitrarily. Then,
we have that

Ve (f(uk,u—r)) = v(f
up(f(uk,u—r)) =

I
[~
>
A~~~

k
(T, u—g)). @)

Let us choose a user k € [C arbitrarily, ug, 4 € U and u_j, €
UK =1 arbitrarily. Then, it can be easily shown that the SCF
f is strategy proof. [ ]

We now present a result for 2 users, which shows the
restriction of the available SCF f, if we want them to satisfy
the properties of strategy proofness and efficient, i.e. the
solution outcome of the resource allocation strategy is non—
manipulable and is Pareto optimal.

Theorem 2. Let the number of users K = 2. Then SCF f
is efficient and strategy proof, if and only if there exists a
resource vector r* € R with v(r*) a Pareto optimal resource
allocation and utility function vector uw € UK with f(u) = r*.

Proof: “=": We have the number of users K = 2.
Let SCF f be strategy proof and efficient. For us € U
(u—1 = wug) each resource r € Qi(u_1) is on the Pareto
boundary (y1(r),~2(r)) of the SINR region. However, we
have that v1(r) = c1(u—1) for all resources r € Qq(u_1)

and there exists a constant cgl)

r € Qu(u_1).

Then we have that, for all utility functions uy,4, € U,
flur,u2) = f(1,us2). Let us choose a utility function 4s € U
for user 2 arbitrarily. Then, the following expressions hold.

f(u17u2) = f(U1,ﬁ2)
flar,ug) = f(d1,1d2).

Therefore, for the utility functions w1, i1, us, o chosen arbi-
trarily, we have that

flur,uz) = f(i,a2)
= f(t1,dz).

Hence, we have proved our desired result.
“«=": Can be easily shown. Hence, we skip the proof. H
We now present a result, which displays the existence of a
bijective mapping from the domain of the utility function to
the range of the utility function, under certain conditions.

with o (r) = c(ll)(u_l) for all

Lemma 1. Let power vectors B(l),Q(Q) € P be such that
u(pV) = uy(p®), for all users k € K. Then, we have that
the powers vectors are equal, i.e B(l) = 9(2).

Proof: We know from the assumptions in the statement
of the lemma, that

uwe(P?) = a(n(@?))
= ar(me?))
= w(p?), kek. (8)

Let T' = diag(y1,72). We know that 74 (p™)) = 4, (p?) for
k € K and p) = TZ(p()) and p® = T'Z(p?), where 7T is
a general interference function satisfying the axiom of strict
monotonicity in the noise component (axiom A4, refer Section
II-B). Then, we have that p(") = p(®) from the uniqueness of
the fixed point algorithm arguments from Yates [13]. [ ]

It should be noted here, that we have not exploited any spe-
cial property of the utility functions, e.g. monotonic increasing.
The result only uses the physical layer model of SINR of a
user k as v, = p/Z;(p), where 7, is a general interference
function for user k.

B. Intuitive Fairness and Strict Intuitive Fairness

Here we present our results in relation to the restrictions
obtained, when we try to obtain strategy proof and efficient
resource allocation strategies, which satisfy the property of,
either

e intuitive fairness or
e Strict intuitive fairness.

We now present a result, which states the following: a non—
manipulable, efficient and intuitive fair the solution outcome of
a resource allocation strategy is independent of the downwards
scaling of the utility function u; € U of a particular user
k € K, when the utility functions u_j, € UK-1 of the all
the other users j € KC\k are fixed, i.e. the resource allocation
strategy is robust to downwards scaling of the utility function



of a particular user, when the utility functions of all the other
users are fixed.

Theorem 3. Let a SCF f be strategy proof and efficient. Then,
the SCF f fulfills the property of intuitive fair, if and only if
for all users k € IC, for all utility functions w € UK and for
0 < A <1, we have that

wi(f (Mg, u—k)) = up(f (ur, u—r)),
ie. for 0 < XA <1 we have that f(Aug,u_r) = f(ur, u_g).

1<k<K,

Proof: Let SCF f be strategy proof, efficient and not a
constant function. Let us assume that SCF f is x fair. Then,
we have that for all users k& € IC, for all utility function vectors
u € UK for u(N\) = (Aug,u_g), 0 < XA <1 and for all users
j € K\k, we have that

uk(f(w(N))) = uk(f(w)).

Furthermore, we have that vy, (f(w(\))) > v (f(w)). For user
j we have from Theorem 1, that v (f(u()))) = v (f(u)).
Then, for r(A) := f(u(\)) we have that ug(r(\)) >
ug(f(w)) for k € K. Since, SCF f is efficient, we must have
that ug(r(N\)) = ux(f(u)) for k € K. [ |
We know present a Corollary to Theorem 3, which states
the following: Let a solution outcome to a resource allocation
strategy be non—manipulable and efficient. If the resource
allocation strategy is not robust to downward scaling of the
utility function of a particular user k£ € IC, then at least one
another user j € K\k pays a price with a decrease in its
performance, even if the utility functions w_j, are fixed.

Corollary 1. Let SCF f be strategy proof and efficient. For
arbitrarily chosen user k € K, u, € U, u_y, € UE-1 and
A€ (0,1), let

O, uei) # f(up, wep).
Then, there exists at least one user j € K\k such that
wy (f g, w—)) < g (f (s wey)-

Proof: Let the assumptions of the corollary be true. Let
us assume that, for all k£ € KC, for all utility vectors uy € U, for
all utility function vectors u_j € U¥~1 and for all j € K\k
with A € (0,1) we have that

wy (f (Aup, u_g)) > uy(f (ug, u_g)).

Since, SCF f satisfies the axioms of strategy proofness and
efficiency, we have that

wi(f (Mg, w—g)) = u;(f(ug, u_r)),

From Theorem 1 we have for an arbitrarily chosen user k, that

ug (f(Aug, u—r)) = ug(f (ug, u—r)).

Furthermore, we have that

f()\ukvu—k) = f(uka u—k)
for 0 < A < 1. [ |

€))

Jj € R\k.

We now present certain results, in relation to the stronger
property of strict intuitive fairness.

Theorem 4. Let a SCF [ be strategy proof and efficient.
SCF f fulfills the property of strict intuitive fairness, if for
an arbitrary user k € K, for all j € KC\k with utility function
vector u_y, € UK=L, there exists a constant dy,(u_y, j) such
that for all resources v € Qi (u_y) we have that

up(r) = dp(u—, j)-

Proof: “=>": Let us choose a user k£ € K arbitrarily.
We shall take the perspective of user k& without any loss of
generality. Let us arbitrarily choose a utility function vector
u_j, € UKL We have to show that for utility functions
ug, Uy € U, the following expression (10) holds.

w(f (uks u—k)) = we(f(dr, u-p)), k€K

Let us assume that there exists a user kg, where kg € IC\k,
such that

(10)

ko (f (ur, W) 7# wno (f Uk, w—t))-
We define uj (r) as follows:
ug(r) = max(ug(r), 4 (r)).

The utility function wuj, is strictly monotonic increasing and
continuous. For all resource vectors » € R, we have that
up(r) > ur(r) and uj(r) > ai(r). Therefore, from the
property of intuitive fairness for all users j € K\k, we have
that

u](f(u;::vufk))

v (f (ug, u—y))
From Theorem 1 we have that

Ve (f (ugs w—r)) < v (f (up, u_g)).

Since, SCF f is efficient, we must have that

uj(f(ukﬂ u*k))>
v (f (uk, w_r)),

j € K\,

<
< jeK\k. (11)

Y (flup, u—r)) = v (flug, u_r)), VkeK.

Therefore, from Theorem 1, we have that

flup,u_g) = flur, u—).

We can have a same expression also for (uj,u_j) and
(g, u—g). Then, for arbitrary utility functions wy,r € U
we have that

Jlug,u_y) = f(tg, u_g).

We have proved the desired result.
“«=": It can be easily shown that a strategy proof and
efficient SCF f satisfies the property of strict intuitive fairness.
|
From the above proof, we can obtain the following addi-
tional result, which states that, if a resource allocation strategy
satisfies the properties of strategy proofness, efficiency and
strict intuitive fairness, then changing the preference of a
single user is not sufficient to change the resource allocation,



i.e. to affect a change in the resource allocation at least two
users must change their preferences or utility functions for the
desired resources.

Theorem 5. Let a SCF [ be strategy proof and efficient. The
SCF f fulfills the property of strict intuitive fairness, if for all
user k € K, for all utility function vectors u_j, € UK, we
have that cardinality of the option set Qy(uy) = 1. Therefore,
for any utility functions uy, U, € U we have that

flug,u—g) = f(lr, u_g).

Proof: The proof is a contained in the proof of Theorem

4. ]

We have stated that, for all utility function vectors u_j €

U*=1, for all utility functions us, # 0 and for an arbitrarily
chosen user j € C\k, we have that

i,?;fo Jr((ur,u_g))

> 0.

inf

Tk =
re€Qi(u—_k)

Theorem 5 has certain connection to the axiom — non—dummy
introduced in [23]. A mechanism f is non—dummy, if Vk € K,
Ju € UK and 4y, € U, such that

f(u) # f(ig, u_r).

The non—dummy axiom states that, each user can change the
outcome of the mechanism by changing its utility function. It
guarantees every user the minimum right to affect the social
decision. Then, we can say that a strategy proof, efficient and
strict intuitive fair resource allocation strategy does not satisfy
the axiom non—dummy.

C. Non-participation

In this section we present a result, which states that if the
solution outcome of the resource allocation strategy is non—
manipulable, Pareto optimal and satisfies the natural property
of non—participation, then the resource allocation strategy has
to discontinuous. This has serious implications on the practical
design of algorithms implementing resource allocation strate-
gies. Furthermore, for theoretical investigation and analysis —
continuity is a very desirable property for resource allocation
strategies. In certain classes of widely used games, the Nash
equilibrium is a continuous function of the game parameters,
which follows from the implicit function theorem [24], [25].

The next result, Theorem 6 states, that a SCF f cannot be
expected to be continuous, if we want the resource allocation
strategy to be non—manipulable, Pareto optimal and satisfy the
natural property of non—participation. Such a result is trivial
for the case of 2 users as shown in the example below.

Example 3. Consider the case of a resource region corre-
sponding to the 2 user case with a total power constraint as
shown in Figure 3. Let the two points 7(!) and 7(*) marked
by large black dots in Figure 3 be the range of the SCF. Let
an SCF f satisfy the property of efficiency. It can be clearly
seen, that the SCF f cannot satisfy the property of continuity.

"

Figure 3. The Range for efficient social choice functions, for a 2 user
resource region for a total power constraint, where f(U%) N Rfr( + = (0 (the
range is indicated by two black dots).

To avoid the trivial case shown in the above example we
impose a further requirement on the range of the SCF f as
follows.

Requirement 1. Let f(UX) NRE, # 0.

Requirement 1 is a very natural requirement in interference
coupled systems. If f is an efficient SCF, then for each user
k € K, there exists a K—tuple of utility functions u € UK
such that fx(w) > 0. Furthermore, for all users k € K, we
have that fj(u) > 0.

Theorem 6. Let a SCF f be strategy proof and efficient.
Let requirement 1 be satisfied. Then, the SCF f cannot
simultaneously be continuous and satisfy the property of non—
participation.

Proof: Let a SCF f be strategy proof and efficient. For the
sake of obtaining a contradiction, let us assume that the SCF f
is continuous and satisfies the property of non—participation.
Let us choose a user k£ € /C arbitrarily and take the perspective
of this user k, without any loss in generality. Let us choose a
utility function vector u_j, € UK~ arbitrarily. For all power
vectors p € Qi (u_j) we have that

Y (p) = cp(u—g) > 0.

Therefore, we have that

for all power vectors p € Qg (u_y). Exploiting the fact, that
7 is an interference function, we have that

I (p) Zi((p, 07))

2 Ik((O,CT;%))

= 077,((0,1))

= ope, 0<pp=T((0,1))
> 0.



For all power vectors p € Qi (u_x) we have that

Pk
Zr(p)

Pk
Jzuk ’
where pr = Zj((0,1)). Therefore, we have that the power
vector py, > ¢ (u—k)opAk, where A € (0,1). Let u(\)(p) =
(Aug, u_g)(p) for all Py > 0. Then, we have that

cr(u_y)

<

lim max [u(N)(p) — (0,u—k)(p)lln) =
**O(pzo,zk%pksmm - Ble)
lim (A max lug(p)]) =0. (12)
AA)O( p207ZkE’CPkSRolal - )
Then, we have that
iig})fk(u(/\)) = fe((0,u_g))
= 0. (13)

Equation (13), follows from the property of non participation
(Definition 10), which we have assumed that our SCF f
satisfies (for the sake of obtaining a contradiction). However,
we have that

> cx(u_r)op
> 0.

fr(u(N)
(14)

Furthermore, we have that
Inf fi(u(A) >0,

which is in contradiction with (13). Hence, we have our
desired contradiction, which proves the result. [ |

0

V. CONCLUSION

This paper investigates certain desirable and natural prop-
erties of social choice functions representing resource alloca-
tion strategies in interference coupled wireless systems. The
properties of non—manipulation and Pareto optimality of the
solution outcome of resource allocation strategies is captured
by the properties of strategy proofness and efficiency of the
social choice function, respectively.

We introduce three desirable and natural properties of
resource allocation strategies, namely (strict) intuitive fair-
ness and non—participation. We prove that there are certain
inconsistencies, among the properties of strategy proofness,
efficiency, (strict) intuitive fairness, non—participation and
continuity. This paper has proved that these inconsistencies
result in certain limitations while having algorithmic imple-
mentations and certain analytical investigations of resource
allocation strategies. Hence, it can be observed that non—
manipulation and Pareto optimality of the solution outcome of
resource allocation strategies are stringent requirements and
along with certain other desirable properties is not always

implementable.
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