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ABSTRACT

We develop a mathematical model within a game theoretical framework for variable rate real time traffic at a
bottleneck node. We address not only the flow control problem, but also pricing and allocation of a single resource
among users. A distributed, end-to-end flow control is proposed by introducing a cost function, defined as the
difference of pricing and utility functions. For two different utility functions, there exists a unique Nash equilibrium
in the underlying game. The paper also introduces three distributed update algorithms, parallel, random and gradient
update, which are globally stable under reasonable conditions. The convergence properties and robustness of each
algorithm are studied through extensive simulations.
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1. INTRODUCTION

The flow control mechanisms of the current Internet, implemented in TCP provide distributed, end-to-end congestion
control for the internet traffic.! TCP was specifically designed to provide reliable, best-effort type traffic over an
unreliable internetwork. Evolution of the Internet over time, however, has resulted in a network which tries to meet
very different needs, in contrast with the original design goals. Implementation of RTT (Real Time Traffic) on the
Internet for new applications like VoIP (Voice Over IP) or video conferencing is one such example. Pricing of the
network resources and charging the users in proportion with their usage is another challenge. Internet is no longer
a small, special community as it used to be, and there is an emerging need for additional mechanisms to ensure fair
allocation of network resources among the users. Achieving these goals is only possible with new congestion and flow
control mechanisms. The implementation of RTT requires certain QoS guarantees in a best-effort type network, to
ensure the necessary minimum flow rate for possible applications.

There is ongoing effort for improving and modifying the flow control mechanisms of TCP to satisfy the needs of
the current Internet. Most of the literature in this area is concentrated on controlling the best-effort type traffic,
where several different approaches have been used.??® These methods can be divided into three groups. The first
approach is a centralized one, where the flow of each user is regulated separately by the network. Such a centralized
approach is not in line with the distributed philosophy of the Internet, which is more widely acknowledged. A second
approach is to provide incentives for end users to support the continued use of end-to-end congestion control, similar
to the current mechanism. This can be achieved via policing methods, where those users who do not adapt their
flows in the case of a congestion are categorized as unresponsive and punished by the network.? The third approach
is one of the most popular approaches, because of the fact that it addresses not only congestion control problem, but
also pricing and fairness issues. The basic principle here is to provide specific pricing mechanisms to end users and
to let them adjust their flow rates accordingly. The recent work of Kelly et al.?> on shadow prices and proportional
fairness is an example for this type of approach. Using a feedback mechanism based on shadow prices, one can
achieve stability and optimal usage of network resources. Fairness has been defined in this work in the proportional
sense, which is a relaxed form of classical min-max fairness.

Game theory provides a natural framework for developing similar pricing mechanisms to solve rate control, fairness
and even routing problems. An appropriate solution concept here is the noncooperative Nash equilibrium. In this
approach, a distributed, noncooperative network game is defined, where each user tries to minimize a specific cost
function by adjusting his flow rate, with the remaining users’ flows fixed. Internet, with its users of completely
antagonistic nature in terms of their demand for bandwidth, justifies the use of a noncooperative game theoretic
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framework. A second major advantage of the game theoretical approach comes from the fact that it provides a
distributed solution in nature, i.e. it does not propose a central control for the network, and this is in accordance
with today’s Internet, as well as future trends of decentralized computing. As an example for addressing the flow
control problem in a game theoretic framework, we can cite Altman and Bagar,* who show that if an appropriate
cost function and pricing mechanism are used, one can find an efficient Nash equilibrium for a multiuser network,
which is further stable under different update algorithms.

All the approaches mentioned above assume highly elastic, best effort type traffic. Many applications creating
such traffic, like FTP, e-mail, etc. are immune to delays and even to interruptions in communication. Implementation
of RTT, however, requires QoS guarantees like a minimum flow rate and a maximum delay as well as traffic of low
elasticity. In this type of traffic, users cannot decrease their flow rates below a certain threshold without seriously
disturbing the communication of the higher layer application. In case of a VoIP application, for example, decreasing
the flow rate below certain limits causes undesirable interruptions in the telephone call.

To accommodate these types of requirements, we propose in this paper a distributed flow control mechanism that
makes real time internet traffic of low elasticity possible. While giving the users negotiable QoS guarantees necessary
for current applications, a network problem cast in a noncooperative game theoretic framework provides excess flow
of elastic nature, in addition to the guaranteed minimum flow. Hence, flexibility of the system is improved, by taking
into account any possible future applications. The admission control mechanism we consider limits the number of
users according to the available bandwidth. For traffic types requiring certain QoS levels, implementation of an
admission control scheme is a natural solution.! The cost function we adopt consists of pricing and utility functions,
and also includes utility parameters, describing the user’s demand for excess bandwidth, and network adjustable
pricing parameters to ensure stability of the equilibrium.

The proposed control scheme has two distinct parts. The first part consists of users and edge routers, and provides
the interface between users and the rest of the network. Edge routers, which we will also refer to as ‘network’, are
responsible for pricing the users by adjusting the parameters in cost functions, policing of malicious users, and security
issues. The admission mechanism and QoS guarantees are also within the functions of the network. The second
part of the mechanism is a distributed end-to-end control system, where users adjust their excess flows according to
their needs but also by taking into account the state of the network. The necessary incentive is created for users by
the pricing mechanism based on the adopted cost functions. An inherent feedback mechanism in the cost functions
ensures that the users get the basic information about the state of the network. The noncooperative game theoretical
framework provides equilibrium conditions for the system and most importantly, the market structure, where supply
and demand for bandwidth determines the allocation of network resources and prices. Fairness in the network is
established in such a way that the users who are willing to pay more for resources than others at any instant receive a
larger proportion of the resources. A basic assumption we make is the rationality of the users, which can be justified
by the fact that the term ‘user’ generally stands for a computer program which determines the flow rate in real time
based on given parameters. Although some parameters might be adjusted directly by an individual person, it is
very natural to assume that the program itself is inherently rational. This assumption removes many complications
encountered in game theory, such as probability of irrational behavior by individual players.

There exist already several well established and extensively studied communication systems with admission control
and fixed flow rates with PSTN (Public Switched Telephone Network) being the classical example. For this reason, we
will focus more on the second part of the mechanism: distributed end-to-end control of excess flow, which is elastic,
in a game theoretical framework, giving the system a significant amount of flexibility. One of the major advantages
of our mechanism lies in the fact that it handles all types of traffic from zero to medium elasticity, depending on the
needs of the user. It can be considered as a combination of CBR and ABR services in the ATM terminology.

In the next section, we provide a description of the proposed model, and in section 3 we introduce a unique Nash
equilibrium. In section 4, we investigate various update algorithms and establish stability conditions. Simulation
results are presented in section 5. Due to space limitations, we have left out the proofs of most of the results, which
can however be found in the longer version of the paper, available from the authors.

2. THE MODEL AND THE COST FUNCTION

We consider a bottleneck node in a general network topology, with a certain level, C, of available bandwidth, which
is shared by N users or connections. The ith user’s flow rate \; consists of two parts: The guaranteed minimum flow
rate, A; min, and the variable excess flow rate, x;, defined as the difference of the total flow and the minimum flow:



2; = A; — Ai min. The guaranteed flow rate, A; min, is negotiated between the user and the network at the time of the
connection setup and remains constant thereafter. It plays a crucial role in meeting the QoS requirements necessary
for real time traffic types. The problem of giving users guarantees for their requested minimum flows while preserving
the network resources at the same time, bounded by the maximum available bandwidth C' at the bottleneck node,
can be solved with the aid of an admission control mechanism.

The proposed admission control scheme is market based and has a cost and pricing structure. Although it can
be compared with classical call blocking schemes, modeled often as M/M/s/s queues in circuit switching,! it differs
in many respects and has several advantages. In this scheme, a new j*" user, j = N + 1, requesting a minimum flow
rate, Aj min, determines itself whether to initiate a session or not, under the admission pricing function:

ka m
PY = L (2.1)
C = Njmin + D221 Ai)

The constant kqqm is determined by the network for pricing purposes. The denominator term C — (A} min + Zf\il Ai)
is responsible for setting the price of the resource, in this case the bandwidth, directly proportional to the total
demand. The exchange is given the right of denying the user the requested service if the price is higher than a
certain maximum threshold value. The mechanism results in a ‘soft’ call blocking scheme, where the decision of
whether or not to block a call is taken not only by the network side, but also by the user, depending on the demand
of the particular user for the bandwidth at that instant. At the same time, the network resources are prevented from
going down to dangerously low levels in case of a congestion.

The guaranteed flow rate, A;min, despite its necessity for real time applications, is inherently inflexible. Once
the user negotiates with the network at the beginning of the connection and is admitted to the system, the terms
cannot be changed during the connection. It is conceivable, however, that there might exist applications which would
demand additional bandwidth during the course of the connection. In order to add this flexibility to the system, we
consider here a network game, in which the i*” user can regulate his excess flow, z;. We note that the excess flow
rate is elastic in nature, i.e. it has no QoS guarantees and is bounded above by the total available excess bandwidth,
m. This is the remaining available bandwidth after all guaranteed minimum flows are subtracted from the total
capacity: m = C — Zf\;l Xi,min-

The proposed admission scheme for minimum flow rate, in spite of its differences, can be implemented similarly to
classical admission schemes. Therefore, we will focus here on the excess elastic flow part of the model. The network
game is defined at the bottleneck node, using a specific cost function and a totally distributed control scheme, where
end users adjust their flow rates themselves. Consistent with the assumption of rationality, users minimize their
costs, determined by their cost function. Overall control of the network is achieved through setting the pricing
parameter and adjusting the maximum available capacity, C', which does not have to be the real physical capacity.
Another function of the network is that it detects and limits unresponsive flows in the case of users with malicious
intentions.? Each user may enter the network game for excess bandwidth and minimizes its cost by regulating its
excess flow rate, x;, after its constant flow rate, A; min, is determined. A natural minimum for the case where the
user has no demand for excess bandwidth is 2; = 0 or A; = A; min. The intuitive explanation for this is that the user
is completely satisfied with the pre-negotiated constant flow A; . Then, such a user does not need to enter the
network game at all. Excluding such users from the network game simplifies the analysis. As a result, the number of
users in the network game, M, can be less than the total number of users, N, or M < N. The remaining available
bandwidth, m, is adjusted accordingly.

The cost function for the users entering the game is defined as the difference between the pricing and the utility
functions. This cost function not only sets the dynamic prices, but also captures the demand of a user for bandwidth.
The first term of the cost function, pricing function, is defined as follows:

(Ni = Xiomin)? + Lidi min (2.2)

Here, ) is the total flow of all users: A = A; + A_;, where A_; is the sum of the flows of all users except the i* one,
and k; > 0, I; > 0 are pricing parameters determined by the network. Notice that I; can be considered as the fixed
price the user pays for the guaranteed bandwidth A; ;. The price value of this parameter is, however, not that
important, since it does not affect the optimal flow rate of the user. The pricing term not only sets the actual price,



but also has the regulatory function of giving the user a feedback about the network status via the denominator
term C' — A. In queueing systems this term is generally interpreted as the delay. In this context, however, it has a
feedback functionality. As the sum of flows of users approach the capacity C, the denominator approaches zero, and
hence the price increases without bound. This preserves the network resources by forcing the users to decrease their
elastic flows. Concurrently, a proportional relationship between demand and price is obtained, which ensures that
the prices are set according to market forces.

The second part of the cost function, the utility function U;, quantifies the user’s utility for having the bandwidth
and captures to some extent the ‘human factor’. Although it cannot be exactly known to the network, some statistical
estimates can be collected, taking into account habits of specific type of a user over a certain time period. A reasonable
assumption is to define it as strictly concave for elastic flows. As widely used and accepted in economics, a logarithmic
function can be chosen as the best approximation to the utility function of the user in this case.

In order to capture the properties of real time traffic to the fullest extent, U;, the utility of the i*" user is examined
in two parts: The excess utility function, Uf, defined in terms of the excess flow rate, z; > 0, quantifies the user’s
demand for excess bandwidth. On the other hand, the utility for the region z; < 0 is described with either a strictly
convex function which models the requirements of the real time traffic from the user’s point of view or a zero function.
In both cases, if the user’s flow rate is less than the guaranteed flow rate, A; ;n, the general utility drops fast to
zero. Having more than the minimum rate on the other hand, might not increase the utility when the user has no
demand for excess bandwidth. In this case, the utility function Uj; is either a simple step function or strictly convex
in the region A\; < Ajmin and U{ is a constant. In accordance with the previous discussion, we exclude such users
from the network game.

For the case where the user demands excess bandwidth, the utility function U; is formulated in the general form,
with the aid of excess utility, U¢:
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where f();) is either strictly convex and increasing or zero in the limiting case. Due to the nature of RTT, f(\;)
is bounded above by a constant d;, implying the utility obtained from the minimum flow A; . Additionally, we
assume U; to be continuous, unless f(A;) is zero. Under the assumption of logarithmic utility, a possible realistic
utility function for a user demanding excess flow can be defined in terms of z;:

Uf(a:i) = ln(l + CUZ) +d; ,z; >0 Vi, (2.4)
Based on the given pricing and utility functions, the cost function is simply P — U. In other words, the flow rate of

a user results from the interaction between price and demand in terms of excess flow:

Jilwiz )= " ]f,lwz o ; (2.5)
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where e; = [;Ai min — d;, is a constant and has no effect in the optimization process. The same cost function for the

i*" user can also be expressed in terms of the total flow of the user:
ki
(Ni = XNimin)? + Lidimin — In(1+ X — X min) — ds, Ai > Aimin
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Notice that the excess utility function is defined only in the region where A; > A; ,,:» and utility for the remaining
part is defined by the convex function f();). In the next section we will revisit this point and show that a Nash
equilibrium cannot occur in the region z; < 0 for any i, even if z; < 0 is allowed.

A drawback of the realistic utility function above is that it leads to nonlinear reaction functions for the users,
which makes analytical analysis very difficult and limited, if not impossible, even though an existence and uniqueness
result (on Nash equilibria) could be obtained, as we will do in next section. In order to make the analysis tractable,



however, for explicit results, we will use linear utility functions for the users, which leads to a set of linear equations
as reaction functions. Accordingly, we will take as the utility function of user i:

U;(.’L‘Z') =a;x; + d; (27)

where a; is a positive constant not exceeding 1. One possible interpretation for the linear utility is that it constitutes

a linear approximation to the actual utility function at any point A;. In this case, the system is analyzed locally in

the vicinity of the chosen point A; = x; + A; min. The parameter a;, is the slope of the utility function at that point:
oU; (i)

Another interpretation for the linear utility would be from a worst case perspective. The constant a; can be
chosen so as to provide an upperbound for marginal utility at any given point A :

e
2
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The upperbound value is based again on the assumption that z; > 0 for all i. The parameter d; is the same as in
equation (2.4) and since it is a constant it can be ignored in the subsequent optimization step. It will be shown later
that, given the flow rates of all other users, z_;, the optimal flow rate of the it" user under linear utility with a; = 1
is always higher than the one under logarithmic utility. Notice that the same linear utility cost structure is arrived
at in both local and worst case analyses, with a; chosen as described above. Combining the worst case and local
analyses in a single step simplifies the problem at hand significantly.

3. EXISTENCE AND UNIQUENESS OF NASH EQUILIBRIUM
3.1. Uniqueness under Logarithmic Utility Function

The optimization problem of a single i*" user, defined as the minimization of the cost function (2.5), is solved under
the following constraints: z; > 0 ; x; < m —x—_; ,Vi. The first constraint is dictated by the fact that the ith user
has requested a flow rate of at least A; ,in. The second constraint is a physical capacity constraint, which implies
that the aggregate sum of all flows in a node cannot exceed its total capacity.

Differentiating the cost function (2.5) of the it" user with respect to x; everywhere except at z; = 0, we obtain:

kx? + 2kiz;[m — (v + 2_;)] _ 1 ; >0
o) _ m— (2 + 2P Tt " vi (3.1
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_ d , z; <0
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Notice that % is nonnegative by the definition of f();). Hence, (3.1) attains negative values in the interval
z; < 0, for each i Moreover, the cost at x; = 0 is always higher than the cost in the region z; > 0, since the function
f(\;) is bounded above by the constant d; > 0. In other words, a user can decrease the cost by increasing the flow.
At a Nash equilibrium, a single user cannot improve his situation by unilaterally changing his own strategy, or flow
rate in this case, given the flow rates of other users. Thus, the optimal point 2} has to be strictly positive.

For the second constraint, it can be observed that the cost function (2.5) of the i‘* user becomes positive
unbounded as z} approaches m — x* ;. Again, the user can decrease its cost unilaterally by decreasing his flow rate,
and hence the boundary point } = m — 2*; cannot be an optimal point. The conclusion, therefore, is that every

Nash equilibrium has to be an inner solution.

THEOREM 3.1. There exists a unique Nash equilibrium in the network game with logarithmic utility functions.



3.2. Uniqueness under Linear Utility Function

Here, we show the existence of a unique Nash equilibrium for the cost function with linear utility. Furthermore,
exploiting the linearity of reaction functions, we calculate the equilibrium point explicitly. The analysis in this
section applies not only to the worst case analysis, but also to the local analysis, where the logarithmic utility
function is approximated by a linear function.

Again, each user minimizes his cost function (2.5), subject to the positivity and capacity constraints. First

assuming an inner solution, we have for the i** user: &g_y) = 0, which can be solved for z;, to lead to: x; =
(m—z_;)[1+ k_’jja_] . The solution with the + sign is eliminated in view of the constraint m — z_; > z;; hence

the only feasible solution is the one with the - sign:

[k
z;=(m—z_;)[1— oy ai] =mq; — ¢;x_; , (3.2)

where the last expression defines ¢;. To complete the derivation, we now check the boundary solutions. For the
boundary point z; = 0, we observe from 8{3"—1@ = 0 that % = —a;, which means the user can decrease his
cost by increasing z;. Hence, this cannot be an optimal point.l For the other boundary point x; = m — x_;, we
observe that at that point the cost goes to infinity. As a result, the inner solution is the unique optimal point for
the constrained optimization problem of the i*" user, for each fixed z_; < m. We observe from (3.2) that the unique
optimal flow for the ** user is a linear function of the aggregate flow of all other users. This set of M equations
can now be solved for z;, ¢ = 1,... M. To ease the notation, let T := x; + x—;. Then, (3.2) can be rewritten
13"qim - 131'(“:5 . Sum both sides from 1 to M, and let X := Zf\il 131'(“. Then,
T=Mm—-—AT =7ZT= H%‘m . Note that A is well defined and positive, since 0 < ¢; < 1 ,Vi. Hence Z < m, thus
satisfying the underlying constraint. Finally, substituting Z above into the expression for z; (in terms of Z), yields

the following unique solution to (3.2):

as ¢; = mq; — ¢;(T — x;) = z; =

* 1 qi
T, = ——
! 1+>‘1_Qi

m,i=1,...,M (3.3)

Note that (3.3) is feasible since it is strictly positive, and Zf\il zf < m. We summarize this result in the following
theorem, whose proof follows from the foregoing derivation:

THEOREM 3.2. There exists a unique Nash equilibrium in the network game with users having linear utility functions,
and it is given by (3.3).
We conclude the section with a result that justifies the worst case analysis based on linear utility functions.

PROPOSITION 3.3. Given the total flow rates of all users except the i*" one, x_; = Z#i xj, the optimal flow rate
of the i*" user, a:?ﬁfonlm,

same user has the linear utility (2.7) cost function with a; = 1.

having a logarithmic utility and the cost function (2.5) is less than the rate :Uf’l’fn when the

The intuitive explanation of this result lies in the high marginal demand of worst case utility, @ = 1. The marginal
demand of a user with linear utility is higher than the one with logarithmic utility. The proposition above is based
on this difference in demand.

4. UPDATE ALGORITHMS AND STABILITY

In a distributed environment, each user acts independently and convergence to this point does not occur instante-
nously. There exist various iterative update schemes with different convergence and stability properties.” We consider
here three asynchronous update schemes relevant to the proposed model: PUA, parallel update algorithm, which is
also known as Jacobi algorithm; RUA, random update algorithm, and GUA, gradient update algorithm, also known
as Jacobi overrelaxation.® For the specific model at hand, individual users do not need to know the specific flow rate
of other users, except their sum. This feature is of great importance for possible applications as it simplifies the
information flow within the system substantially.



4.1. Parallel Update Algorithm

In PUA, the users optimize their flow rates at each iteration, in discrete time intervals ...n — 1,n,n+ 1.... If the
time intervals are chosen to be longer than twice the maximum delay in the transmission of flow information, it is
possible to model the system as an ideal, delay-free one. In a system with delays, there are subsets of users, updating
their flows given the delayed information on the flow.

For the nonlinear cost function (2.5), the players use either nonlinear programming methods to minimize their cost
at each iteration or directly the reaction function. The analytical solution to the optimization problem of the it* user
turns out to be the root of the 3" order equation: k;z? +(2k;(m—=z_;)+k—1) 22 +(2(k+1)(m—2_;))zi+[m—2;]> = 0.
Only one root of this equation, denoted Z;, is feasible: 0 < #; < m. The closed-form solution for this root is at the
same time the reaction function, which is highly nonlinear in contrast to the linear reaction function given by (3.2).
As the root of this 3" order equation involves a complicated expression, we write the nonlinear reaction function of
the i*" user only symbolically as z\" ™" = f(z\™ 2™ k) .

Stability and convergence of the system is as important as the existence of a unique equilibrium. In an unstable
system, the flow rates may oscillate indefinitely if there is a deviation from equilibrium. Or, if the system does
not have the global convergence property, there exists the possibility of not reaching the equilibrium at all through
iteration starting at an arbitrary feasible point. We now study the convergence of PUA. For the linear case, the
update function for the it" user is (from (3.2)):

:UE"H) =mgq; — qiw(fl-) Vi,n , (4.1)

where ¢; was defined in (3.2). Let Az; = z; — o}, where x} is the flow rate of the i*" user at Nash equilibrium and
Amﬁ") is the difference between the user’s flow rate at the n'* instant and its final equilibrium flow. Then we have

Amgnﬂ) = —ina:(_ni) , Vi (4.2)

Let |Az| = max; |Az;| , and note that, from (4.2): [|Az("+D|| < (M — 1) max; |¢;| |[Az(™ ]| . Clearly, we have a
contraction mapping in (4.2) if (M — 1) max; |¢;| < 1. Thus, the following sufficient condition ensures the stability
of the system with linear utility under the PUA algorithm: |g;| < ﬁ ,i=1,..., M . One trivial way of meeting

this condition is to set ¢; = %, i=1,...,M. From (3.2) the bound on ¢; translates into the following stability

2
constraint on the pricing parameters, k; > (;MM_E)l a; . Notice that these apply not only to the analysis in the linear-

utility case, but also to the local analysis of the nonlinear-utility cost function (2.5). Thus, the system is locally
stable and convergent under PUA if the condition above is satisfied. The next result says that the local stability and
convergence property holds not only locally, but also globally.

THEOREM 4.1. The system is globally convergent and stable under PUA, for both the linear and logarithmic utility
cost functions, under the given bound on k;.

4.2. Random Update Algorithm

Random update scheme is a stochastic modification of PUA. The users optimize their flow rates in discrete time
intervals and infinitely often, with a predefined probability 0 < p; < 1. Thus, at each iteration a random set
of E{p - M} users among the M update their flow rates. Again, the users are myopic and make instantaneous
optimizations. In the limiting case, p; = 1, RUA is the same as PUA. The non-ideal system with delay is also similar
to PUA. The users make decisions based on delayed information at the updates, if the round trip delay is longer
than the discrete time interval.

), the update scheme may be formulated for the it*
(n)
x

’
7

For the linear-utility case with linear reaction function (3.2
user as given by (4.1) with probability (w.p.) p;, and xgn'H) = w.p. (1 — p;). Subtracting z¥ from both sides:

—a: Az
Aglmt) = | —aibdrl

Aajgn) , with probability 1 — p;

,with probability p; (4.3)

Taking the absolute value of both sides, and then taking expectations, lead to

BlAe"™ < pig I BIAE | + (1 - pi(1+ q1) E| Azl (4.4)



Choosing p; > ﬁ this can further be bounded by E|Am§n+1)\ < pi-q Zj\il E|Am§")\ , and summing over all
users:

M M M
S EA <Y pia) Y ElAz”) (4.5)
i=1 i=1 i=1

If Zf\ilpiqi <1, pm = Zf\il E|Am§")| is a decreasing positive sequence, and hence converges to zero. This

implies convergence of each individual term in the summation to converge to zero, which in turn says that :UE") —

x¥ ;i =1,...,M, with probability 1. Notice that the sufficient condition for the stability of PUA also guarantees

2

the stability of RUA for the linear utility case.

The question now comes up as to the choice of p; that would lead to fastest convergence in (4.5), which we will
call the optimal update probability. Maheswaran and Bagar” show that in a quadratic system without delay, one
can find a bound for optimal update probability pey: < %, as number of users goes to infinity. Repeating the same
analysis for this model and linear cost function leads to an exact update probability pyp, = %, which is optimal
when the number of users is large. The stability and convergence results obtained also apply to the local analysis
of the nonlinear utility function as in PUA. Hence the nonlinear utility case is locally stable under RUA. Moreover,

Theorem 4.1 holds also for RUA, indicating the global stability of the algorithm.

4.3. Gradient Update Algorithm

Gradient update algorithm can be described as a relaxation of PUA. For this scheme, we define a relaxation parameter
si ,0 < s; < 1 for it* user, which determines the stepsize the user takes towards the equilibrium solution at each
iteration. For the linear utility case, the algorithm is defined as:
a:l(-"ﬂ) = xgn) + 8; - [(mg; — a?(fl-)qi) - xsn)] Vi, n (4.6)
Different from both PUA and RUA, the users are not myopic in this scheme. Although they seem to choose
suboptimal flow rates at each iteration instead of exact optimal solutions, they benefit from this strategy by reaching
the equilibrium faster. GUA, despite its deterministic nature like PUA, is very similar to RUA in analysis. When
compared with PUA, as we observe in simulations, GUA converges faster to Nash equilibrium than PUA in highly
loaded delay-free systems, where there is a high demand for scarce resources and users act simultanously. An intuitive
explanation can be made using the fact that equilibrium point is quite dynamic in loaded systems during iterations.
In PUA, users update their flows as if it is static, while in GUA, users behave more cautiously and do not rush
to the temporary equilibrium point at each iteration. So, the wide fluctuations in flow rates are prevented, which
can be observed in PUA. One can interpret the relaxation parameter s; also as a measure of this caution. Another
advantage of GUA, its relative immunity to delays in the system, can also be explained with the same reasoning.

A similar but deterministic version of the convergence analysis of RUA for the linear utility function yields

the same convergence result as in RUA, except that p; is replaced with s;. Choosing s; > ﬁ and imposing

the condition Zf\il s;q; < 1, the flow rates of the users converge to the unique equilibrium as in other schemes.
Using (4.6), we obtain: Asn — oo xi(n+1) = xi(n) = x{ = mq; — x*;q;i ,Vi. The given bound on ¢; also guarantees
the stability of GUA for the linear utility case. Moreover, since the GUA is a modification of PUA, it can be shown
that Theorem 4.1 holds for the GUA as well. Thus, the stability results of the RUA are directly applicable to GUA

for both the linear and nonlinear reaction functions.

Next, we investigate the possibility of finding an optimal relaxation parameter, s, for the linear utility case, in the
sense that it leads to fastest convergence to the equilibrium. In order to simplify the analysis we assume symmetric

users, resulting in ¢; = ¢ = ﬁ, and s; = s ,Vi. For the special case of symmetric initial conditions, we obtain

from (4.6): Agimth) = [1-s(1+ (M- l)q)]Aw("). The value of s, leading to fastest convergence in this case is

1
1+ (M- 1)/M

Sopt = = J\/}I—I}loo Sopt = 0.5 s (47)

which leads to one-step convergence. For the general case, however, it is not possible to find a unique optimal value
of s, as different starting points for users which result in different Az; at each iteration, affect the optimal value



of s. Using simulations, we conclude that optimal value of s for a delay-free linear system should be in the range
0.5 < sopt < 1. The analysis for the linear utility case applies to the nonlinear utility case locally, giving the same
local stability and convergence results. One can show that in addition to the local results, global convergence and
stability of PUA also apply to GUA. Therefore, GUA converges globally to the unique equilibrium in the nonlinear
utility case. As it will be shown in numerical examples, GUA becomes advantageous only under heavy load, and
loses its fast convergence property in lightly loaded systems.

5. NUMERICAL SIMULATIONS OF UPDATE SCHEMES

Each update scheme analyzed in the previous section is simulated using MATLAB. The proposed model is tested
through extensive simulations for both nonlinear and linear reaction functions. The latter can be considered as either
worst case analysis or local approximation to the nonlinear utility cost. The system is simulated first without delay
under all three update schemes: PUA, RUA and GUA. Next, in the second group of simulations, uniformly distributed
delays are added to the system for a more realistic analysis. The convergence rate is measured as the number of
iterations required to reach the unique Nash equilibrium. As a simplification, we assumed symmetric users in most
cases, where cost parameters like, a, k, ¢, update probability, p, for RUA, and relaxation parameter, s, for GUA are
not user specific. Starting condition for simulations is the origin, i.e. zero initial flow, unless otherwise stated. The
following criterion is used as the stopping criterion, where M is the total number of users. Zf\il |a:l(."+1) —a:l(.")\ < M e.
The stopping distance is chosen sufficiently small, e = 1075, for accuracy in all simulations.

5.1. Simulations for Delay-free Case

Flow Rates of Symmetric Users lterations to Equilibrium
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Flow Rate
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Figure 1. Flow rates vs. iterations to equilibrium in case of symmetric users and PUA (a). Convergence rate of
PUA for different values of k (b).

The convergence of the update algorithms for different numbers of users, as a crucial parameter, is investigated
throughout the analysis. We first implemented, however, the basic PUA algorithm with M = 20 users with linear
reaction functions and a = 1 indicating a high demand for bandwidth. k& = 10 is chosen to ensure stability. From
Figure 1 (a), we observe the undesirable, wide oscillations in flow rates of users, which is a disadvantage of PUA
under a heavily loaded delay-free system. In this case, although the number of users is small, the low value of pricing
parameter k loads the system. Absence of delay in the system also contributes to the instantaneous load, as the
users act simultaneously. The instantaneous demand affects the convergence rate significantly in delay-free systems,
especially under PUA.

Another important parameter in the system is the price, k. The impact of the price on the system is investigated
in the next simulation. Figure 1 (b) shows the effect of varying the pricing parameter k under PUA. Again, there are
M = 20 users. It can be observed that as the price increases, the convergence rate drops. An intuitive explanation
for this phenomenon is based on the effect of price on the demand of users. An increase in price results in a decrease
in demand and system load, leading to faster convergence. Even though the simulation here is for a delay-free
linear-utility system, varying the price leads to similar results under all update schemes for both linear and nonlinear
reaction functions. Theoretical calculations based on linear utility, in the previous section, show that the minimum



value of k satisfying the stability criterion is 9.2 for this specific case. The bound on k; is only a sufficient condition
for stability, which is verified in this simulation by observing the convergence of system for & = 9. The large number
of iterations required, on the other hand, indicates the tightness of the bound.

Next set of simulations investigate the two basic parameters of RUA: M, number of active users, and, p, the
update probability. The simulation results in Figure 2 (a) verify the theoretical analysis in the previous section for
linear utility cost. It is observed that with the increasing number of users the optimal update probability gets closer
to the value 2/3. For completeness, the same simulation is repeated for the logarithmic utility cost. Interestingly, we
obtained similar results, as shown in Figure 2 (b). Due to the structure of logarithmic utility function, the demand
of users is less than in the linear utility case, and hence the system is not loaded as much as in the linear case. For
the same number of users, we observe that the optimal update probability shifts to higher values. As a conclusion,
Figure2 (b) can be considered as a stretched version of Figure 2 (a), due to the change in load.

RUA for different Nbr. of users and Update Prob RUA for different Nbr. of users and Update Prob.

Number of Iterations

Number of Us¢ Number of Use

Figure 2. Convergence rate of RUA as M gets larger, for different update probabilities 0 < p < 1, and linear utility
(a). Convergence rate of RUA for nonlinear utility (b).

Similar to RUA, a simulation based on the relaxation parameter s is done for linear cost under GUA. The
result confirms the theoretical result (4.7) for symmetric initial conditions. Other initial conditions, however, lead
to different optimal values for s, in most cases between 0.6 and 0.8. The result can be interpreted as the variation in
the amount of instantaneous demand for bandwidth. In the symmetric initial condition, all users act the same way,
leading to higher simultaneous demand, where ‘being cautious’ or decreasing s is advantageous. For other initial
values, the instantaneous demand decreases, where increasing s affects the convergence rate positively. We conclude
that GUA is only advantageous in situations with high instantaneous and total demand, which will further be verified
in delayed simulations.

Finally, we conclude the simulations without delay by a comparison of the convergence rate of all three algorithms
for different numbers of users. The results for the linear reaction function are displayed in Figure 3. We observe
clearly that both GUA and RUA are superior to PUA. Another important and promising observation is that the
rates of convergence for GUA and PUA are almost independent of the number of users. The simulation is repeated
for nonlinear utility cost and for highly and less loaded systems. To change the amount of load on the system, the
capacity parameter m is varied this time, instead of price k. They affect, as expected, the convergence rate in opposite
ways. Obviously, the smaller the capacity, the heavier the load. Similar to the linear utility case, GUA converges
faster with increasing number of users. It performs, however, poorer under light load. Same trend is also observed
for RUA. One interesting phenomenon is the high performance of PUA under light load. It can be interpreted as a
result of the low instantaneous demand due to the variation of utility for different flow rates.

5.2. Simulations with Delay

In order to make the simulations more realistic, we next introduce the delay factor into the system in following way:
users are divided into d equal groups, where each group has an increasing number of units of delay. For example
in a four group system, first group has no delay, the second has one unit delay, the third group two units of delay,
etc. When the simulations are repeated with uniformly distributed delay as described, the results obtained are quite
different from the previous ones. PUA, for example, performs better than in the linear utility case without delay.
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Figure 3. Comparison of Convergence rates of PUA, RUA and GUA for increasing number of users, linear utility,
delay-free system.

It is possibly caused by the decrease of instantaneous demand, due to the delay factor. This result strengthens the
argument about PUA in the previous section.

In RUA, however, the optimal update probability disappears in contrast to the delay-free case Again, the under-
lying cause is the effect of delay factor on instantaneous demand. Another important result is the similarity of the
results for linear and nonlinear cases in this simulation. Regarding PUA, we can conclude that it performs better
when both instantaneous and total demand are low and system resources are abundant. Such conditions exist for
delayed systems with users having logarithmic utility. RUA, on the other hand, performs worse with decreasing
update probability in such a case.

Next, GUA is investigated under a delay incorporated system for an optimal relaxation parameter. Using the
results of several simulations, we conclude that the optimal value of s decreases in the linear utility case, as the
delay factor increases. Interestingly, this trend disappears for the nonlinear case. Similar to RUA, GUA also loses
its advantage with nonlinear reaction functions in a delayed system under normal load. Comparison of all three
algorithms in the delayed nonlinear system for high and low load can be seen in Figure 4 (a). In the graph below,
prices are halved, while the capacity is tripled with respect to the one above. As expected PUA performs better than
RUA for any load. Under light load, PUA is superior to GUA, with the aid of delay factor and low instantaneous
delay due to logarithmic utility of users. As the load in the system increases, GUA performs comparable to PUA,
verifying the observation in Figure 4 (a).

In the final set of simulations, we investigate the robustness of the algorithms under disturbances. The disturbance
is added to the system by varying the number of users at each iteration by about %10 of the total number of users.
The arrival and departure of users are modeled as Poisson random processes, and hence the number of users in the
system constitute a Markov chain. The Figure 4 (b) shows the stability results under different update schemes in
terms of the percentage distance to the ideal equilibrium for an example time window. The lower right graph is the
result of the simulation with nonlinear reaction function under PUA. We observe that the average distances to the
equilibrium vary between %0.5 and %1.5, which indicate that the system is very robust under all schemes and costs.

6. CONCLUSION

We have introduced a mathematical model which can be used as a basis for implementation of real time traffic on
the Internet. The combination of admission control and end-to-end distributed flow control results in a very flexible
framework, which captures all traffic types from low to medium elasticity. Market based approach enables the model
to address two major issues, pricing and resource allocation, simultaneously.

A unique Nash equilibrium is obtained, and convergence properties of relevant asynchronous update schemes are
investigated both theoretically and numerically. Conditions for the stability of the equilibrium point under three
update algorithms are obtained and analyzed in the cases of linear and nonlinear reaction functions. The simulation
results suggest the use of GUA or RUA in heavy loaded systems with less delay and high demand for bandwidth.
In delayed systems, however, PUA performed better than the other two. The linear analysis not only provided a
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Figure 4. (a) Comparison of Convergence rates of PUA, RUA and GUA for increasing number of users, nonlinear
cost. (b) Robustness Analysis for PUA in case of the nonlinear utility. Percentage distance and number of users vs.
time.
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local approximation to the nonlinear cost, but also established convergence and stability results, helping to solve the
general nonlinear cases.

One of the advantages of this model is its flexibility, which at the same time opens up many directions for future
research. There are also many open questions requiring further investigation, such as the following: (i) The model is
analyzed here for a sample bottleneck node. Possible implementations for a general network topology and routing
problem are open points. (ii) The effect of varying the virtual capacity C' and the initial admission scheme are possible
points of investigation. In terms of pricing, the relation between fixed and variable prices should be investigated.
(iii) Although the model is designed to share network resources with a best effort type distributed, elastic network
like the Internet, we have not addressed possible issues regarding the interaction of different protocols in the same
network. Such an interaction may be a rich source for further research. Priority queueing, for example, might be
investigated, as a means of combining the protocols at the router level.
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